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OT ABTOPA 

lfa~eHHIO <l>YHKQHM H IIOC'TpOCHHIO HX rpa<i>HKOB OTBOAHTCH Ba)l{­

HOe MCCTO B rrporpaMMe IIIKOJibHOro Kypca o6~eHHH MaTeMaTHKe. 

3,zi:ecb 3aKJia,ri:bIBaIOTCH OCHOBbI aHaJIIfTifqecKoro MbIIIIJICHHH, pa3BHBa­

eTCH JIOrHKa, <t>opMHpyIOTCH MaTeMaTHqecKM HHTYHl\HH H HaBbIKif yBe­

peHHOro BJia,ri:eHHH MeTo,ri:aMH rpaqmqecKoro perneHHH ypaBHeHHii. 

B rroco6HH rrpe,zi:crnBJieHE>I 3a,zi:aqH Ha Hccne,zi:oBaHHe <l>YHKu;nii 

H IIOC'TpOCHife HX rpaqJHKOB ITO BCeM pa3,ri:eJiaM IIIKOJibHOrO Kypca MaTe­

MaTHKH. 

MaTepHan rroco6HH pacrroJIO)l{eH B rrocne,zi:oBaTeJibHOCTH, rrpH KO­

Topoii CHaqana H3yqaeTCH JIHHeiiHaH <l>YHKQHH, 3aTeM Ha OCHOBe pac­

CMO'TpeHHbIX B 7 KJiacce <l>YHKD;HM 1'13~aeTCK TeMa «IlOC'TpOeHne rpaqm­

KOB rrpeo6pa30BaHHM». 

B TeMe «KBa,zi:paTHbie ypaBHCHHH» BBOAHTCH onpe,zi:eJieHHe KBa,zi:pa­

THqHoii cpyHKD;HH, rpa<i>HK KOTOpoii C'TpOHTCH c HCIIOJlb30BaHHCM MCTO­

,zi:a BbI,ri:eJieHHH IIOJIHOrO KBa,zi:parn c IIOMOiu;bIO anre6paHqecKHX rrpeo6-

pa30BaHHM. Yrny6neHo H3yqeHHe ,zi:pyrnx cpyHKu;ttii. 

Oco6oe BHHMaHtte y,zi:enHeTCH 3a,zi:aHHHM, <t>opMHpYIOiu;HM MaTeMa­

THqecKoe MbIIIIJieHtte, crroco6cTBYIOiu;HM o6~eHHIO IIIKOJibHHKOB 

rpa<l>ttqecKoMy H3bIKy. B qttcno TaKHX ynpa)l{HeHHii, KPOMe 3a,zi:aq Ha 

reoMe'TpnqeCKHe rrpeo6pa30BaHHH rpacpHKOB, BXOAHT 3a,zi:aHHH Ha 110-

C'TpOCHHe rpa<i>HKOB <l>YHKD;HM 3JieMeHTapHbIMH MeTo,ri:aMH, ynpa)l{He­

HHH no rrepeBo,zi:y co CJIOBeCHOro OIIHCaHHH IIOBe,ri:eHHH <l>YHKD;HM Ha rpa­

<l>ttqecKHM H3bIK H o6paTHO. 

B KHttry BKJIIOqeHE>I ycTHE>Ie yrrpa)l{HeHHH, rn6nttu;E>I, O'Tpa)l{aIOiu;ne 

3aBHCHMOCTb BH,ri:a rpacpttKa OT rrapaMe'TpOB cpyHKD;HH, BOIIpOCbI K Teo­

peTHqecKHM 3aqeTaM, ycTHbie KOH'TpOJibHbie pa60TbI, pa3JIHqHbie caMo­

CTOHTCJibHbie pa60TbI, a TaK)l{e 3a,zi:aHHH Ha IIOC'TpOeHHe rpa<l>HKOB cpyRK­

D;HM. 

IlpttBOMTCK 3a,zi:aqn ITOBbIIIIeHHoii TPYAHOCTH, peKOMeH,zi:yeMble 

,nJIH paccMo'TpeHHH Ha 3aHHTHHX MaTeMaTHqecKoro Kp~Ka. K 6om,­

IIIHHCTBY 3a,zi:aq ,zi:aHbI OTBCTbI. 

ABTOp Bbipa)l{aeT 6naro,zi:apHOCTb 3y6KOBY B. A., PoMarnKo­

Boii B. A., PH3aHu;eBOM r. K. H peu;eH3eHTy )J,eHHCOBOM M. II., 3aMe'Ia­

HHSI KOTOpbIX crroco6cTBOBaJIH YJI~IIIeHHIO KaqecTBa rroco6HH. 
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METOAMKA M3YLIEHMSI TEMbl 
«d>YHKU.MM M rPAd>MKM B 8-11 KnACCAX» 

IIpttcTyrraH K H3)"IeHHIO <j:>yHKU:IIH, CJieLJ:yeT HMeTb B BHIJ:Y, qTQ rpa­

<j:>IIK <j:>yHKU:HH !J:OJI'IR:eH Cl'pOIITbCH Ha OCHOBe rrpeLJ:BapIITeJibHOro JICCJie­

!J:OBaHHH. 

IIycTb LJ:aHa <j:>yHKJ:~mI y=x 2
• 

,[(o IlOCl'pOeHirn rpa<j:>HKa He06XO!J:HMO rronyqHTb MaKCJIMaJibHOe 

KOJIHqecrno CBOHCTB 3TOH <j:>yHKU:HH. ,[(JIH 3TOro Hy:>I<HO COCTaBHTb Ta6-

JIIIU:Y H HCIIOJib30BaTb ee He KaK cpe,n;crno IlOCl'pOeHHH ToqeK, a LJ:JIH H3Y­

qeHHH cBoiicrn <j:>yHKU:IIII. 

IfraK, y = x 2
• 3aLJ:a!J:HM 3HaqeHHH apryMeHTa H 3aHeceM HX B rn6ntt­

n:y. BbJqHCJIHM 3HaqeHJIH <j:>yHKU:HH II TaK'IR:e 3aHeceM HX B Ta6nttn:y. 

CBoiicrna: 

1) <j:>yHKU:JIH rrpHHJIMaeT TOJibKO HeOTpttn:aTeJibHbie 3HaqeHHH; 

2) rrpoxo,n;ttT qepe3 TOqKy 0 (O; O); 
3) rrpOTHBOIIOJIO'IR:HbIM 3HaqeHJIHM apryMeHTa COOTBeTCTByIOT OLJ:H­

HaKOBbie 3HaqeHHH <l>YHKU:HH; 

4) LJ:O HYM 3HaqeHHH <l>YHKD:HH y6brnaroT, rrocne HYM - B03pacrnroT. 

IIoKa3bIBaeTcH, KaI< BbIHBJieHHhie cBoiicrna Ol'pa3HTCH Ha rpa<j:>IIKe. 

IIocne JTOro CTPOHTCH TOqKH, coe.n;rrIDIIOTC.sI IIJiaBHoii JIHHHeii. C yqa~H­

MHCH o6CY'IR:,l(aeTCH BOIIpoc, rroqeMY 3TO MO)l(HO CLJ:eJiaTb. IIonyqJIB rpa<j:>HK 

<j:>yHKD:HH, ucrronh3yeM ero KaK cpeLJ:CTBO .n;AA H3)"IeHHH cBoiicTB <j:>yHKD:HH. 

,[(anee HIJ:YT 3aLJ:aHJI.sI CJieLJ:yIO~HX THITOB: 

1) Ha paCl103HaBaHHe <j:>yHKU:HH no ee rpa<j:>HKy; 

2) Ha ycrnHOBJieHHe COOTBeTCTBHH aHaJIHTHqecKOMY 3aLJ:aHHIO pa3-

JIHqHbIX <j:>yHKU:HH rpa<j:>rrqecKoro H306pa'IR:eHH.sI; 

3) Ha ycTaHOBJieHHe CBH3H Me'IR:,n;y rrapaMel'paMH <j:>yHKU:HH H BH!J:OM 

ee rpa<j:>ttKa; 

4) Ha orrpeLJ:eJieHHe aHaJIHTrrqecKoro Bbipa'IR:emrn JIHHHII, tt3o6pa­

'IR:eHHOH Ha rpa<j:>HKe. 

IIocTporrB rpa<j:>HK <j:>yHKU:HH, IIcrronh3yeM ero LJ:JIH ycrnHOBJieHHH 

CBOHCTB <j:>yHKU:HH H IJ:JIH COCTaBJieHirn Ta6JIHU:bl B !J:BYX B3aHMHO o6paT-
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HhIX 3a)J,aqax: 1) nepeBecrn: CBOHCTBa cPYHia:i;:m1 Ha rpa<iiHqecKHH H3hIK; 

2) no HMeIOIIJ;eM)'CH rpa<iiHKY CcPOPMYJIHpOBaTh CBOHCTBa, a TaIOKe MH 
perneHHH ypaBHeHHH H HepaBeHCTB. ,ll;JIH :noro Heo6xO)J,HMO BBeCTH rpa­

cPHqecKHe noHHTHH «paBHO», «60JihIIIe», «MeHhIIIe». Bna)J,eH TaKHMH no­

HHTHHMH, y:1Ke yqeHHK 7 KJiacca MO:IKeT rpaqiHqecKH pernaTh ypaBHeHHH 

BH)J,a x 2 = 2 H HepaBeHCTBa THna x 2 < 2x. 
c nepBhIX ypoKOB 8 KJiacca Heo6xo)J,HMO qiopMHpOBaTh y yqan:i;HX­

CH nOHHMaHHe Toro, qTo cyn:i;ecTByIOT )J,Ba MeTO)J,a nocrpoeHHH rpa<iiH­

KOB cpyHKIJ;HH: 1) Ha OCHOBe HCCJie)J,OBamrn CBOHCTB cpyHKIJ;HH, 2) c no­

MOIIJ;hlO reoMerpHqeCKHX npeo6pa30BaHHH, a TaK:IKe yMeHHH npHMeHHTh 

3TH MeTO)J,hl )J,JIH nocTpOeHHH rpacpHKOB. 

Ilocne lnyqeHHH TeMhl «Hccne)J,OBaHHe CBOHCTB cpyHKIJ;HH c nOMO­

IIJ;hlO npOH3BO)J,HOH» Heo6XO)J,HMO CHOBa BepnyThCH K paccMorpeHHIO 

CBOHCTB 3JieMeHTapHbIX cpyHKIJ;HM, HO yiKe c HOBhIX no3HIJ;HM. 

)l{HBOM HHTepec y yqan:i;HXCH BhI3hIBaIOT BOnpOChl THna: noqeMy 

napa6ony - rpacpHK KBa)J,paTHOM cpyHKIJ;HH y = x 2 
- pttcyIOT TaK, KaK 

nOKa3aHO Ha pHCYHKe 1, a? IloqeMy ee He pHCYIOT TaK, KaK noKa3aHo Ha 

pncyHKax 1, 6 HJIH 1, e? 

0 x 

a 

0 

6 

Puc. I 

x 0 x 

6 

IlpaBHJihHO OTBeTHTh Ha noCTaBJieHHbIM BOnpoc no3BOJIHIOT KaK an­

re6paHqecKoe, TaK n aHanRTnqecKoe paccy)J()J,eHHH. 

Cpeocmea 1<011mpo!lR 

1. MaTeMaTRqecKHM AHKTaHT. HanpnMep, no TeMe «HHHeHHaH 

cPYHKUHH» yqarnHCCH ,L(OJI:>KHhl OTBCTHTh Ha CJIC.LIYIOlliHC BOilpOChI: 

1) KaK Ha3hIBaCTCH JIHHCMHaH cPYHKUHH y = kx + b, y KOTopoif k = 0, 
b=O? 

2) J1306pa3HTC cxeMamqeCKH rpacl>HK 3TOM cPYHKUHH. 

3) 3anHIIIHTC ypaBHCHMe OCH Op,!l,HHaT. 
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4) .5IBJrneTCH JIH OCb op;::i;1rnaT rpaqrnKOM <i>YHKIJ;HH? 

5) ,D,atta cPYHKIJ;HH y = kx + b. ll3BeCTHO, 'ITO k > 0, b > 0. TioCTPOHTe 

cxeMaTH'lHO rpa<i>HK 3TOH <l>YHKIJ;HH. KaKoH yroJI cocTaBJIHeT 3Ta npH­

MM c noJIO)KHTeJibHhIM HanpaBJieHHeM OCH Ox? 
6) IlOCTPOHTe cxeMaTH'lHO rpa<i>HK <i>YffKIJ;HH y = kx + b, n1,e k < 0, 

b<O. 
2. KapTO'lKH c neqaTHOH octtoBoif. 

NQ f'paqm.K ii>YHK!\ll.H 
3HaKk 3HaKb 

y= kx+ b 

I ~ k...O b ... O 

2 ~ k...O b ... O 

3 ~ k...O b...O 

4 +, k<O b<O 

5 +, k >0 b >0 

3. 06Y'JaIOIIJ,M caMOCTOHTeJibHM pa6oTa. 

4. KoHTPOJIHpyioIIJ,aH caMOCTOHTeJihHM pa6orn. 

5. TeopeTH'leCKlfH 3aqeT. 

6. Y CTHaH KOHTPOJibHaH pa6orn. 

7. 06o6Jll,aIOJll,aH KOHTPOJibHM pa6orn. 
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3AAA'fM 

8 KnACC 

1. nV1HElllHA51 COYHKU,11151 

1.1. THIIOBbie 3a,ll,aqH 

1. KaKHe H3 ,ll,aHHhIX <i>ymcri;wii HBmuoTcH JIHHeHHhIMH: 
1 2 2 2 

l)y=-x+2; 2)y=3x -(x+3x -4); 3)y=-+x+l; 4)y=lxl; 
2 x 

5) y= lxl+x (x>O). 
2 

2 1 2 
2 . .[l,aHhI <l>YHKIJ;HH: 1) y=2x ; 2) y=3x -2; 3) y=-2x -4; 

4) y=5(x-3) 2 +6; 5) y=-!x+8. 
3 

YKa)l(HTe, rpa<l>HKH KaKHx <i>YHKIJ;Hii- rrpHMbie. KaKHe H3 rrpHMbIX 
rrpoxo,ll,HT qepe3 Haqano KOOp,ll,MHaT; o6pa3yIOT OCTPbIH (Tynon) yron 
c OCbIO a6CIJ;I1CC, rrepeceKaIOT OCb op,ll,HHaT B TOqKe c OTPHIJ;aTeJibHOH op­
,ll,HHaTOii? 

3. Ha pwcyHKe 1.1 I13o6pa)l(eHbI rpa<i>HKH JIHHeiiHoii <i>YHKIJ;HH 
y = kx + b. YKa)l(HTe 3HaKH K03cP$HIJ;HeHrn k H cBo6o,ll,Horo qneHa b ,ll,ITH 

Ka)l(,ll,oro cnyqaH. 

y y y y 

x x x 

a 6 6 2 

Puc. 1.1 

4. qTO MO)l(HO CKa3aTb 0 K03$$HIJ;HeHTax k I1 b <i>YHKIJ;HH, rpaqmKH 
KOTOpbIX H306pa)l(eHbI Ha pwcyHKe 1.2? 

7 



a 6 

Puc. 1.2 

5. HaH,l{IITe KOOp,l{IiHaTbI ToqeK rrepeceqemrn: c OCHMH KOOp,l{HHaT 

rpaqmKOB cpyHKIIHH: 1) y = x - 2; 2) y == 0,5x - 3; 3) y = -2x -2. 

6. TpH <l>YHKIIHH Bbipa)l{eHbI aHarrHTHqecKH o,r:i;Hoii: H TOH )l{e cpop­

MyJioii: y == 2x, rrpHqeM o,r:i;Ha H3 HHX HMeeT o6JiaCTbIO orrpe,r:i;eJieH:HH Bee 

,r:i;eHCTBHTeJibHbie qlfcJia, ,r:i;pyraH - HaTyparrbHbie qucJia OT 1 ,l{O 10, 
a rpeThH - Bee oTpHIIaTeJibHhie qHcJia. qeM OTJIHqaJOTCH rpacpHKH 3THX 

cpyHKIIHH? 
7. qTO rrpe,r:i;CTaBJIJieT co6oii: rpaqmK <l>YHKIIHH y == -x, ecJrn x npH­

Ha,l{Jie)l{HT npoMe)l{yTKY [-5; -2]? 

8. llpHBe,l{HTe rrpHMep JIHHeHHOH <l>YHKIIHH, o6JiaCTbIO orrpe,r:i;ene­

HHH KOTOpoii: CJiy)l{aT BCe ,r:i;eii:cTBIITeJibHbie qlfCJia, KpOMe x == -3? 

9. llpH KaKOM 3HaqeHHH k rpaqmK <PYHKIIHii y = -kx - 7 npOXO,l{HT 

qepe3 TOqKy (2; 6)? 

10. ,ll;aHa <l>YHKIIHH y = kx + b, rpacpHK KOTopoH: rrpoXO,l{HT qepe3 

ToqKH (O; 6) H (3; 0). HaH:,r:i;HTe 3HaqeHHH k H b. 
11. I'paci>HK <i>YHKIIHH, 3a,r:i;aHHOll ci>OPMYJIOll y == kx + 3, rrpOXO.ZJ;IiT 

qepe3 ToqKy A(-1; 5). Haii:,n:uTe K03ci>cjmu:neHT k . .5IBJIHeTCR JIH 3Ta cj:>yHK­

U:HH Bo3pacrnIDUieii: HJIH y6hIBaIOUieii:? Haii:,r:i;HTe 0 3TOH cj:>yHKIIHH. 

12. llpH KaKHX 3HaqeHHHX x cj:>yHKQHH y == 2x + 1: 1) paBHa O; 2) rro­

JIO)l{HTeJibHa; 3) OTpHU:aTeJibHa? 

13. KaKHM CBOHCTBOM o6Jia,r:i;aeT JIHHeliHM cjlyHKU:HH, ecJIH ee 

rpacjmK ,l{JIH x < -3 Jie)l{HT HH)l{e OCH a6CU:HCC, a ,l{JIH x > -3 BbIIlle OCH 

Ox? 
14. llpHBe,l{HTe rrpHMep cj:>yHKQHH, rpacjlHKOM KOTOpOH HBJIHeTCH 

rrpHMaH, rrpOXO,l{HUiaH qepe3 Haqarro KOOp,l{HHaT H COCTaBAAIOUiaH 

c ochIO a6cu:Hcc: 
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1) TyrroH: yron (6onhIIIe, MeHhIIIe 135°); 
2) OC'TphlH yron (60JihIIIe, MeHhIIIe, paBHhIH 45°). 

15. y Ka)KIITe 3HaKH K03cpcpHIIHeHTOB k If b cpyHKIIHH, rpacpHK KOTO­

poH: mo6pa)KeH Ha pHCYHKe 1.3: 

y y 

-1 0 x x 

-1 

a 6 

Puc. 1.3 

16. BepIIIHHa rrpHMOro yrna paBHo6e,!1,peHHOro -rpeyronhHHKa HMe­

eT Koop,!l,HHaThI (O; 1 ). OcHoBaHHe -rpeyronhHHKa nexmT Ha ocH Ox. 
a) HaHTH KOOp,!1,HHaTbI ,!l,BYX ,!1,pyrHx BepIIIMH -rpeyronhHHKa; 

6) HaIIMIIIHTe ypaBHeHHH rrpHMhIX, Ha KOTOpbIX Jie)KaT 60KOBhie CTO­

pOHhI. 

17. a) BepIIIHHa rrpHMoro yrna TpeyronhHHKa HaXO,!l,HTCH B TOqKe 

(-1; 1 ). IlpHMaH, co,!l,ep)[(aIIIaJI O,!l,HH m KaTeToB, HMeeT ypaBHeHHe y = 1. 

KaKHM ypaBHeHHeM 3a,naeTcH npaMaH, co,nep)l<aIIIa» ,!l,pyroH: KaTeT? 

6) (-5; 1) If (-1; 5) - KOOp,nHHaTbl BepIIIHH OC'TpbIX yrnoB IIpHMO­

yrOJihHOro -rpeyroJihHHKa H3 3a,!l,aHHH 1.1 7, a. Hau.nine yrnoBOH K03cp­

<l:>HIIHeHT fHIIOTeHy3hI -rpeyrOJihHHKa. 

18. 1.J;eHTp KBa,nparn COBIIa,!],aeT c HaqaJIOM KOOp,!l,HHaT, a OCH KOop­

.[\HHaT rrapannenhHbI coorneTCTBYIOIIIHM cTopoHaM KBa,nparn. HarrHIIIH­

Te ypaBHeHmI npHMhIX, CO,!l,ep)KaIIIHX ,nHarOHaJIH KBa,nparn. 

19. 1.J;eH-rp KBa,!l,paTa COBrra,naeT c HaqanoM KOOp,n1rnaT' a ,L(JfaroHaJIH 

Jie)KaT Ha OCHX. 0,nHa H3 BepIIIHH KBa,!l,parn HMeeT KOOp,!l,HHaThI (O; 3). 

HarrHIIIHTe ypaBHeHHH npHMhIX, co,!l,ep)KaIIIHX CTOpOHhI KBa,!l,parn. 

20. rpacpHK cpyHKIIHII y == 2x rrapanneJibHO rrepeHeCeH Ha ,!],Be e,!],H­

HIIIIhI B IIOJIO)KHTeJihHOM HanpaBJieHHH B,!l,OJih OCH py. KaKoe ypaBHeHHe 

COOTBeTCTByeT HOBOMY rpacpIIKy? 

2 C!>yHKL\llll "rpaqmKH B 8-11 KJ1. 9 



21. Haii)l;HTe ypaBHeHHe rrpHMoii, rrapam1enhHOM 6ttcceKTpHce rrep­

Boro KOOp)l;HHaTHOro yrna H rrpOXO)l;HI.Qeii qepe3 TQqKy (O; -5). 
22. ToqKa A(0,2; 0,2) rrpHHa)l;JJe)l<HT rpaqmKy <l>YHKQHH y = kx. 

Hall.TH K03<l><l>HQHeHT k, <l>YHKQHH y = k 1 x - 4, rpa<l>HK KOTopoii rrapan­

neneH rpacl>HKY y = kx. 
23. HarrHIIIHTe ypaBHeHHe rrpHMOii, rrapannenhHOM rrpHMOM 

y = 2x + 1 H rrpoxo)l;HI.Qeii: a) qepe3 rnqKy (O; 2); 6) qepe3 rnqKy (1: -1 ). 

24. flo)l; KaKHM yrnoM rrepeceKalOTCH rpa<l>HKH <l>YHKQHM y = x 
H y=-x? 

25. Haii)l;HTe Koop)l;HHaThI rnqeK rrepeceqeHHH rpacl>HKOB <l>YHKQHii 

y=2xtty=x+l. 
26. flpH KaKOM ycnOBHH rpacl>HKH <l>YHKQHM y = k ,x + b" 

y = k 2x + b2 , y = k 3x + b3 npoii)l;yT qepe3 TOqKy (O; 4)? 

27. flpH KaKOM 3HaqeHHH a rpacl>HKH <l>YHKQHM y = 2 H y = 2x + a 
HMelOT Oll:HY 061.Qyro TQqKy? 

0)l;HHM H3 MeTO)l;OB CHCTeMaTH3aQHH H o6o6~eHHH 3HaHHM yqa-

1.QHXCH HBJJHeTCH pa6orn no cocTaBJieHHIO rn6JIHQ. HmKe rrpttBe)l;eHa 

Ta6JIHQa JIHHeMHOM <l>YHKQHH y = kx + b )];JIH pa3JIHqHhIX coqeTaHHM 3Ha­

KOB K03<l><l>HQHeHTOB k H b. 

~ k >0 k=O k<O 

b >0 ~ =F ~ 
b=O ~ -h i, 
b<O ~ ~ i-, I I 
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1.2. TeopeTuqecKHH 3aqeT no TeMe 
«JlHneiinaH <l>YHKU.HH» 

1. KaKaH cj:>yHKQirn Ha3hIBaeTCH mrneiiHoii? 

2. Hccne,!l;yiiTe cj:>yHKu,mo y =la + b no IIJiatty: 

a) o6JiaCTb orrpe,!l;eJiemrn; 

6) MHO'/KeCTBO 3HaqeHttii; 

B) TOqKH rrepeceqeHHH c OCHMH KOOp,!l;MHaT; 

r) rrpoMe'/KyTKH 3HaKOIIOCT051HCTBa cPYHKIJ,MH; 

A) rrpoMe'IKyTKH B03pacTaHH51 H y6brnaHHH cPYHKIJ,HH. 

3. Mo'IKHO JIM cqMTaTb JIMHeiiHyIO cj:>yHKIJ,MIO qeTHOii, HeqeTHoii? 

Ilo,!];6epMTe 3HaqeHH51 k H b TaK, qrnfa1 cPYHKIJ,HH y = la + b 6bma: a) qeT­

HOii; 6) Heqernoii; B) qernoii M Heqernoii. 

4. 1Irn HBJIHeTCH rpacj:>MKOM JIMHeiiHoii cj:>yHKIJ,MM? CKOJihKO ToqeK 

Ha IIJIOCKOCTH, KOOp,!l;MHaTbl KOTOpbIX YAOBJieTBOpHIOT ypaBHeHHIO 

y = la + b, ,!l;OCTaTOqHo HMeTh, qrn6bI IIOCTpOHTb rpaqmK cPYHKIJ,HH? 

5. KaKOBbI qacTHhie cJiyqaM JIMHeiiHoii cj:>yHKIJ,MM M KaK pacrroJio'IKe­

HhI Ha KOOp,!l;HHaTHOH IIJIOCKOCTH HX rpacj:>MKH? 5lBJI5IeTC51. JIM OCb op,!l;H­

HaT rpacj:>MKOM JIMHeHHOH cPYHKIJ,HH? 

6. KaK 3aBMCMT pacrroJio'/KeHMe rpacj:>MKa cj:>yHKIJ,MH y =la + b OT Be­

JIMqMHhI b? 
7. KaK BJIHHeT K03cj:>cj:>Hu,MeHT k Ha rpacj:>MK cj:>yHKIJ,MM y = la + b? 
8. IlocTpoi1Te rpacj:>nK cj:>yHKIJ,MM: a) y = 2x - 4; 6) y =la+ b. Hc­

IIOJih3YH rpacj:>HK, BbrnCHMTe: 

1) rrpM KaKMX 3HaqeHMHX x 3HaqeHMH y paBHhI HYJIIO; 

2) rrpM KaKMX 3HaqeHMHX x 3HaqeHMH y OTPMIJ,aTeJihHbI 

H IIpH KaKHX - IIOJIO'/KHTeJibHbI; 

3) IIpH KaKHX 3HaqeHHHX x BeJIHqHHbl x Hy HMeIOT 0,!J;H­

HaKOBbie 3HaKM; 

4) rrpM KaKHX 3HaqeHH51.X x BeJIHqHHbl x Hy HMeIOT pa3-

Hbie 3HaKM; 

5) rrpoMe'/KyTKH B03paCTaHH51 H y6bIBaHH51 cPYHKIJ,Ifif. 

9. HanMIDHTe cj:>opMyJihI M3 KypcoB reoMeTPMM, cpM3MKH, co,!l;ep'IKa­

IIJ,He rrpHMO rrporropU,HOHaJibHbie BeJIHqHHbl. 

10. HarrMmMTe cj:>opMyJihI M3 Kypca cj:>M3MKM, co,!l;ep'IKaIIJ,Me BeJiuqw­

HhI, HaXOMillHeC» B JIHHeHHOH 3aBHCHMOCTH. 
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1.3. y CTHaH KOHTpOJihH3H pa6oTa no TeMe 

«JbrneiiuaH «l>YHKU:HH» 

KOHT}JOJib 3HaHl'IH yqamHXCH Herrocpe.ri;cTBeHHO B XO):(e ypoKa BCe­

r):(a HBJIHeTCH HerrpoCTOH 3a):(aqew. 0):(HOH H3 3cpcpeKTHBHbIX cpopM rrpo­

BepKH 3HaHHH TeopHH HBJIHIOTC51. ycTHbie KOHT}JOJibHhie pa6oTbl, rrpe,n:na­
raeMhie BCeMy KJiaccy. Pa6oThI paccqHTaHhI Ha o.ri;HH ypoK, rrpHqeM 
yqettHKH 3arrHCbIBa10T TOJihKO orneThI. IIpe,n,naraeTCH .ri;Ba BapHaHTa 

KOHT}JOJibHOH pa60TbI. 

16apuanm 

1. IlpH KaKOM ycnOBHH rpacpHK JIHHeHHOH cpyHKQHH rrepeceKaeT 

OCb a6cu;HCC B TOqKe, HMerow:eu OT}JHQaTeJibHYIO a6cu;nccy? 

2. IlpHBe):(HTe rrpHMep JIHHeHHOH cpyHKQHH: a) IIOJIO)l(HTeJibHOH Ha 

Bceif qHCJIOBOH rrpHMOH; 6) IIOJIO)l(HTeJihHOH IIpH x< Xo, r):(e Xo - HOJib 

cpyHKQHH. 
3. IlpH KaKOM 3HaqeHHH a cpyHKQH51. y = (a - 2)x + 3a - 4 HBJI51.eTC51. 

qeTHoif? 

4. Haif):(HTe 3HaqeHH» k, rrpH KOTOpbIX cpyHKQHH f (x) == (k -l)x + 
+k 2 

- 3 MOHOTOHHO B03pacraeT. 

5. KaK H3MeHHeTcH rpacpHK JIHHeHHOH <}>yHKQIIII y == kx + b c mMe­

HeHIIeM b rrpII IIOCTOHHHOM k? 
6. Ifao6pa3HTe cxeMaTHqecKH rpacpHK cpyHKQHII y = kx + b, ecnH: 

a) k > 0, b > O; 6) k < 0, b > O; B) k = 0, b > 0. 
7. IfaBeCTHO, qTo k< 0. Orrpe):(eJIHTe BM.LI yrna, o6pa3oBaHHoro rpa­

cpnKOM cpyHKQHH y = kx + b c OCblO a6CIJ,HCC. 

8. HarrmrmTe ypaBHeHHH: a) rrpHMOH, co)l;ep)l(ameu 6HcceKrpHcy 

LAOB; 6) rrpHMOH AB; B) rrpHMoif, rrapanneJibHOH ocw 0 H rrpoxo,LJ;H­
ru;eif qepe3 TOqKy (1; O); r) OCH a6cu;acc (pttc. 1.4). 

y B y y 

x x 0 x 0 x 

a 6 6 

Puc. 1.4 

12 



2 oapuaum 

1. Ilp11 KaKOM ycJIOBJIM rpaqmK JIHHeHHOH <PYHKU:IIII rrepeceKaeT 
OCb a6cu:11cc B TOqKe, IIMeIOrn;eli IlOJIO:>KHTeJibHYIO a6cu:11ccy? 

2. Ilp11se,zune rrp11Mep JIIIHeiiHoli <PYHKU:HH: a) OTpttn:aTeJihHOH Ha 
BCeii qHCJIOBOH rrp5IMOH; 6) IlOJIO)KHTeJibHOH rrpH x > Xo, r.ne Xo - HOJih 
clJyHKn;HH. 

3. IlpH KaKOM 3HaqeHHH a <PYHKU:H5I y =(a - 2)x + 3a - 4 5IBJI5leTC5l 
HeqeTHOH? 

4. Haii.nttTe 3Haqemrn k, rrptt KOTOphrx cj:lyHKU:HH f (x) = (k - l)x + 
+k 2 

- 3 MOHOTOHHO y6blBaeT. 

5. KaK H3MeHHeTcH rpacj:l11K JIHHeiiHoii <PYHKU:HH y = kx + b c JI3Me­
HeHHeM k rrpH IlOCTOHHHOM b? 

6. l13o6pa3HTe cxeMaTJiqecKH rpacpHK <l>YHKIJ:HH y = kx + b, ecJIH: 
a)k<O, b<O; 6)k>O, b<O; s)k<O, b=O. 

7. l13BeCTHO, qrn k > 0. Orrpe11:emne BHA yrna, o6pa3oBaHHoro rpa­
<l>HKOM <l>YHKIJJIH y = kx + b C OChIO a6CU:HCC. 

8. HamuuHTe ypasHeHHH: a) rrpHMoii, co)J.ep:>Karu;eli 611cceKTpttcy 

LAOB; 6) rrp5IMOH AB; B) rrp5IMOH, rrpoxo,n,51rn;eii qepe3 TO'!KY (O; l ), rra­
panneJihHOH OCH Ox; r) octt op.n11HaT (p11c. 1.5) 

y A y )' 

B 
0 x x 0 x 0 x 

a 6 6 

Puc. 1.5 

2. YP ABHEHV151, CO.O,EP>t<AW,V1E 3HAK MO.O,Y Jl51 

IlpnMep. PeUIHTe ypasttem1e: \x -3\ +\x + 2\ = 7. 

PemeHue. Hccne)J.yeM rroBe)J.eHHe cpyttKU:HH y = Ix - 3 \ +Ix+ 2\ 
Ha HHTepBanax x;;;,, 3; -2 < x < 3; x < - 2 11 H3o6pa3HM pe3yJihTaT rpaqm­
qecKn. 
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PernHM ,n:attttoe ypaBHeHHe Ha Ka:>K)J,OM H3 yKa3aHHbIX npoMe-

)l(YTKOB. 

l)x>3 x-3+x+2=7· x=4· 4>3· 
' ' ' ' 

x-3 - + 
x+ 2 - -2 + 3 + 2)-2<x<3, -(x-3) +x +2= 7; 5 = 7-

HeBepHO, KOptteii HeT; 

3) x<-2, -(x-3)-(x +2) = 7; x =-3; -3<-2. 
Omeem: -3; 4. 

2.1. PeurnTe ypaBHeHHH: 

1. Ix -11 =3; 8. lx-21=2x-10; 
2. I 4x -11=7; 9. lx+ll+lx-21 =5; 
3. l4x -11=-5; 10. lx-11=2·1x-41; 
4. lx-ll+lx-51 =3; 11. lx+41+1x-ll =5; 
5. lx-5l+lx+ll =2; 12. 9·lxl+lx-3! =5; 
6. lx-81+x=5; 13. lx-41+12x+31 =2. 
7. lx-31-x=7; 

3. cPYHKL.J,V1V1, COAEP>t<AW,V1E 3HAK MOAY 1151 

IlpHMep. IlocrpoiiTe rpaQJHK QJYHKU:HH y =Ix I +Ix + 11. 

x 

PeuteHue. llccne,n:yeM noBe,n:ettue cpyHKIJ,HH Ha HHTepBanax x >O; 
-1 < x < O; x < -1 H mo6pa3HM pe3ynhTaT rpacpuqecKH: 

14 

l)x>O, y=2x+l; 
2)-I<x<O, y=l; 
3) x< -1, y=-2x -1. 

x + ------x 
x+l--1 + 0 + 

Ilo Haii,n:eHHbIM 3HaqeHHHM crpoHM rpacpHK QJYHKU:HH (pac. 3.1). 
y 

-1 0 x 

Puc. 3.1 



3.1. llocTpoiiTe rpa<l>HKH <l>YHKIJ;HH: 

1. y=lxl; 14. y=~; 

2. y=-lxl; 

3. y=lx +11; 

4. y=-lx + 11; 

5. y=lxl+l; 

6. y=lx +11+2; 

7. y=l2x -11; 

4 
8. y=I- -2xl; 

3 

9. y=x +Ix+ 11; 

10. y=lxl +x; 

x 

15 Jx-11. . y , 
x-1 

x 
16. y=x+-; 

lxl 

17. y=lx -11+Ix+11; 

18. y=lx -11-lx + lJ; 

19. y=lx+ll-lx-11; 

20. y=x +Ix -11 + Jx - 2 1; 
x-2 

21. y =Ix + 1 I -13 - 2x 1- x + 4; 

22. y=2·1x+4l-3·lxl+lx-61; 

23. y=ll -xi-Ix -21-lx -31; 

11. y =Ix 1- x; 24. y=Jx+lJ-Jl-2xl-Jx-2j-x-1; 

12. y=lxl +x +1; 25. y=lx -11-lxl +12x +3J-(2x + 4). 

13. y=x -Jx +lJ; 

Ilo3)J,Hee yqamHXCH MO)l(HO II03HaKOMHTh H c .JJ,pyrHMH crroco6aMH 

rrocTpoeHHH rro).l,06Hh1x rpa$HKOB. HarrpHMep, rpa$HKOM <i>YHKU,HH 

y = Ix I+ Ix + l J HBnHeTcH noMaHM nHHHH c BepIIIHHaMH B ToqKax c a6c­

u,HccaMH x = -1; x = 0. 
Haii)J,eM op.JJ,HHaThI 3THX ToqeK: 

y(-l)=l-11+1-l+ll=l; 
y(O) =IOI +10 +II =1. 

IfraK, BepIIIHHaMH TIOMaHOM HBTIHIOTCH TQqKH (-1; 1 ); (O; 1 ). llc­

IIOllb3YH .JJ,Be )J,OrronHHTenhHhie TOqKH, HarrpHMep, (-3; 5) H (1; 3), CTPO­

HM rpa$HK <i>YHKU,HH. 
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3.2. CaMOCTOHTeJibHaH pa6oTa no TeMe 

«Pa3JIO:IKeHHe MHOroqJieHa Ha MHO:IKHTeJIH» 

1 oapuanm 

1. Pa3JIO)l(HTe Ha MHO)l(HTenn MHoroqneH: 
a) 2Ia 2b-4b-12a+7ab2

; 

6) a + b + a 2 
- b2

; 

B) m 16
- l; 

r) 2x 2 + 3x + l. 
2. IlocTpoi:J:Te rpaqmK <PYHKQHH y == 2x +Ix -11. 

2 oapuanm 

1. Pa3JIO)l(HTe Ha MHO)l(HTeJIH MHoroqnen: 
a) 20a 2c-9c-15a +12ac2

; 

6) x 3 + x 2 + x + l; 
B)l-n 16

; 

r) x 2 + 8x + 12. 
2. IlocrpofiTe rpa<l:lHK <PYHKQHH y == Ix + 11- 2x. 

3.3. CaMOCTOHTeJibHaH pa6oTa no TeMe 

«COI\'.pam,eHHe ,!1.p06H» 

1 oapuanm 

1. CoKpaTHTe ):(po6H: 

a) 3a-3. 6) x
2 

-4x+4. B) a
2 

-5a. 
a 2 

- 1' 3x - 6 ' 25 - a 2 
' 

(a-1) 3 a 5 -ba 4 -ab4 +b5 

r) 3 ; ):() 4 3 2 2 3 
a - a a - a b - a b + ab 

x 2 -9 
2. IlocrpofiTe rpa<l:lHK <PYHKIJ;HH y:::: --. 

x-3 

2 oapuanm 

1. CoKpaTHTe ):(po6H: 

a) 2 - 2a; 6) 16 + 8a + a 
2 

1-a 2 8 +2a 

64-m 2 

B)--­
m2 -8m' 



x 3 +y3 a 5 -ab4 +a 4b-b5 

r) ; )],) . 
2(x+ y) 2 a 4 +a 2b2 +a 3b+ab3 

x 2 -1 
2. IIoCTJ>OHTe rpa<l>nK <l>YHKU:HH y = --. 

x +1 

3ada'la dn.11 MameMamu'leCKOW 1<.pymKa 

II pH KaKHX k ypaBHeHne Ix + 11-1 x -11 = kx + 1 HMeeT e)l,HHCTBeH­
Hoe pernem1e? 

4. nocTPOEHV1E rPAcPV1KOB cPYHKLJ,V1111 BV1AA: 
y = f(x)+ b; y = f(x +a); y = f(x +a)+ b; y = f(-x); 

y = -f(x); y = af(x). 

IlpuMep. IIoc'I'pOHTe rpa<l>nK <l>YHKU:HH y = (x + 4) 2 -3. 
1 cnoco6 (puc. 4.1 ). 

y=(x+4) 2 -3 
~ ~ 
:i: :i: 
0) 0) 

El" 0 
0 g. 
0.. (.) 

~ y= (x + 4) 2 0 
t:: ,. ,. 

' 
' . 

I I ' : \ I ' : \J 

y I 
I 
I 
I 
I 
I 
I 
I 0 0 

~ ~ " 0.. 0.. 
0 0 i/ 
t:: 

y=x2 
t:: 

x 

2 
--- y = x ...... "1C----+ -3 
- .. - .. -· y = (x + 4)

2 

-- y=(x+4)'-3 

Puc. 4.1 

2 cnoco6 (pnc. 4.2). IIocTpOHM HOBYIO cucTeMy Koop)l,HHaT c Haqa­

JIOM B TQqKe 01(-4; -3); B Hett C'I'pOHM rpa<l>HK <l>YHKD;HH y=x 2
• TaKHM 

o6pa3oM, rpa<l>HK rronyqaeTCH He rrpeo6pa10BaHHeM caMHX rpa<l>nKoB, 
a rrpeo6pa30BaHHeM CHCTeMbI KOOp,ll;HHaT. 
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18 

0 l x 

-3 

Puc. 4.2 

4.1. IlocTpoiiTe rpa<}>HKH <}>yHKIJ,HH: 

1. a) y=3x+2; 6) y=3x+4; B) y=3x-3; r) y=3x-5; 
2. a) y=x 2 +4; 6) y=x 2 -1; B) y=x 2 -5; 
3. a) y=lxl+2; 6) y=lxl-4; B) y=lxl-7; 
4. a) y=-lxl +2; 6) y=3 -lxl; B) y= -lxl-3; 
5. a) y=x 3 +2; 6) y=x 3 -4; B) y=lx 3 +II; 
6. y=x·lxl; 
7. y=x·lxl+l; 
8. y=-x·lxl; 
9. y=l -x ·Ix!; 

10. y=lx -21-(x +2); 

11.y=x 2 -~; 
x 

12. yJx-ll ·(x2 -4); 
x-1 

3 
13 =x +x . 

. y lxl ' 

x3 -x2 
14. y= ; 

2·1x-ll 

15. a) y=lx +61; 6) y=lx - 71; 
16. a) y=(x+2) 2

; 6) y=(x+2) 2 +1; B) y=(3-x) 2 +l; 
r) y=9-(x+2) 2

; )..!;) y=2·(x-2) 2 -1; 
17. a) y=(x-1) 3

; 6) y=(x+3) 3
; B) y=(x-2) 3 +l; 

18. y = (1 + x) · (1 -Ix I). 



5. noCTPOEH111E no rPACbll1KAM CbYHKL.J,111111 
y = J; (x) 111 y = f 2 (x) rPACb111KOB CbYHKL.J,111111: 

y = J; (x) + f 2(x); y = J; (x)- f 2(x); 

Y = f1 (x) · f2(x); Y = J; (x):f2(x) 

5.1. IlpHMephl 

I/ocmpoenue zpa<jJuKa <f.Jyn«u,uu MemoooM 
wue6pau11ec«ux onepau,uii 

IIpnMep 1. Ilocipoihe rpaqmK <iiYHKIJJIH y =Ix I+ Ix + 11. 

CipOHM rpaclittK11 <iiYHKllHM y =Ix I H y =Ix + 11, 3aTeM Haxo,n;11M 
cyMMbl op,n;HHaT ToqeK rpaqmKOB 3Tl1X <iiYHK1111H rrptt 0,D;Hl1X 11 Tex )Ke 
3HaqeHmIX x; TaK KaK cyMMa Jil1HeMHbIX <iiYHK1111H eCTb Jil1HeiiHm1 <iiYHK-
11m1, TO ,D;OCTaToqao HaHTl1 cyMMbl op,n;11HaT yrJIOBbIX ToqeK, T.e. rrp11 
x =011x=-1,11 IIO 0,D;HOH TQqKe rrp11x>011 x< -1 (p11c. 5.1). 

-1 0 x 

Puc. 5.1 Puc. 5.2 

IIpnMep 2. IlocipoiiTe rpaclittK <iiYHKI11111 y =Ix 1-1 x + 11. 

06hlqHo He rrp116eraIOT K BblqHTaHl1IO rpaclittKOB, a ClpOU ,D;Ba rpa­

cli11Ka: y =Ix I 11 y = -Ix + 1 I, 11cKOMhIH rpacli11K cTpo11TCH KaK rpaclittK cyM­
MhI 3Tl1X <iiYHKIIHH (p11c. 5.2). 

llpUMe11auue. Ilp11 CJIO)KeHl111 (Bb1q11rnH1111) rpaclittKOB MO)KHO 
noJih30BaThCH 11ttpKy11eM. 
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llptt yMHom:eHHH ()J.eJieHtttt) Ha)J.o rrpe)J.BapttTeJihHO rrepeBO)J.HTh OT­
pe3KH ( op)J.HHaTb1) B qucna, a rroToM, rrepeMHom:aH ()J.enH) 3TH qucna, Ha­
HOCHTh Ha ITJIOCKOCTh COOTBeTCTBYIOIIIHe HM TOqKH. llpH )1,eJieHHH CJie­
)J.yeT ITOMHHTh, qTo y = !2 (x) He )J.OJI){{HO o6paIIIaThCH B HYJih. 

llocmpoenue zparjJu1<.a rjJyn«u,uu .Memodo.M 
zeo.Mempu'lec«ux npeo6pa10Banuu 

CyilieCTByeT rpaq:mqecKHH crroco6 cnom:eHHH, yMHom:eHHH H )1,ene­
HHH <}>yHKI!HH, KOTOpbIH )J.aeT yqailIHMCH npe)J.CTaBJieHHe 0 HOBhIX )],JUI 
HHX rrpttMepax HCITOJib30BaHHH rrpocTeHIIIHX reoMeTpttqecKHX rrpeo6pa-
30BaHHH. 

PaccMorpttM rrptteMhI rrocrpoeHHH ToqKH AP rrpttHa)J,nem:aIIIett HC­
KOMhIM rpa<}>ttKaM. llocrpoeHHe 6y)J.eM BhIIIOJIHHTh )J.JIH Tex 3HaqeHHH 
apryMeHTa, rrpu KOTOphIX orrpe)J.eneHhI o6e <PYHKU:HH, rrpuqeM B cnyqae 
)J.eneHHH / 2 (x) -::/:. 0. 

N 

M 

IIpuMep 1. llocrpo:HTerpa<jJHKlPYHKI!MHy=J;(x)+J;(x) (pMc. 5.3). 

y 

0 x 

1) Bo3bMeM Ha ocn Ox rrpOH3-
BOJihHYIO ToqKy M M rrpoBe)J.eM qepe3 
Hee BepTHKaJih MN. 

2) qepe3 rrpott3BOJihHYIO rnqKy A, 

rrpttHa)J,Jlem:aIIIYIO rpa<jJMKY y = J;(x), 
rrpoBe)J.eM BepTHKaJih; ToqKy ee rrepe­
ceqeHHH c rpa<}>HKOM lPYHKI!HM 
y= / 1 (x) o6o3HaqHM qepe3 B. 

3) llocrpottM OTpe3oK AM. 

Puc. 5.3 4) Ih rnqKM B orrycTHM rreprreH­
)J.MKYJIHp Ha rrpHMYIO MN, ocHoBaHHe 

rrepneH.IJ.MKynHpa o6o3HaqnM qepe3 K. 
5) qepe3 rnqKy K rrpoBC)J.CM rrpHMyro, rrapanneJihHYIO rrpHMOH M4, 

)J.O ee rrepeceqeHHH c rrpHMOH AB. ToqKa rrepeceqeHMH - o6o3HaqHM ee 
A 1 - M 6y)J.eT MCKOMOH. 

IIpuMep 2. llocTpoH:Te rpa<jJHK <jJyHKI!HH y = J; (x) · J;(x) (pttc. 5 .4 ). 
1) qepe3 rrpott3BOJihHyro ToqKy A, rrpttHa)J.JIC){{ailiyIO rpa<jJttKy 

<jJyHKIJ;HH y = !2 (x ), rrpoBe)J,CM BCpTHKaJih )1,0 ee rrepeceqeHHH c rpa<jJH­
KOM <jJyHKU:HM y= / 1 (x). ToqKy rrepeceqeHHH o6o3Ha•mM 6yKBOH B. 
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y y y =f;(x) 

y=J;(x) 

0 x x 

Puc. 5.4 Puc. 5.5 

2) qepe3 TOqKy A rrpoBe,1.1,eM ropH30HTaJih ,1.1,0 ee nepeceqemrn c rrpH­

Moil: x = 1; mqKy rrepeceqeHHH 0601HaqMM qepe3 M 1• 

3) IlpoBe,1.1,eM rrpHMYIO OM1• 

4) qepe1 To11Ky B npoBe,l.J,eM ropH30HTaJih ,l.J,O ee rrepeceqeHHH c 6Mc­

ceKTpHcoil: rrepBoro (mm TPeThero) Koop,1.1,HHaTHoro yrna; :ny ToqKy 
0601HaqHM qepe1 M 2• 

5) qepe3 ToqKy M 2 rrpoBe,1.1,eM BepTHKaJih ,1.1,0 ee nepeceqeHHH c npH­

Moil: OM1, 3TY mqKy 0601HaqHM qepe3 M3• 

6) ToqKa A 1 rrepeceqeHHH npHMoil: AB c ropH30HTaJihIO, npoBe,l.J,eH­
HOM qepe3 ToqKy M 3,- HCKoMaH. 

IIpnMep 3. IlocTPOMTe rpacpHK cpyHKQHH y= fi(x) :fz(x) (pttc. 5.5). 
1) qepe3 npoH3BOJihHYIO mqKy A, rrpttHa,l.J,Jie)l(amy10 rpacpHKY 

cpyHKQHH y = / 2 (x ), npoBe,1.1,eM ropH30HTaJih ,l.J,O ee nepeceqeHHH c npH­

Moil: x = 1; nonyqeHHYIO TOqKy o603HaqHM qepe3 M 1• 

2) qepe3 ToqKy A rrpoBe,l.J,eM BepTHKaJih, TOqKy ee nepeceqeHHH 

c rpacpHKOM <PYHKQttn y= / 1 (x)0601Haq11M qepe3 B. 
3) IlpoBe,l.J,eM rrpHMYIO OM1• 

4) qepe1 mqKy B, rrp1rna,l.J,Jle)l(amy10 rpaqmKy y = / 1 (x ), rrpoBe,l.J,eM 

ropH30HTaJih ,l.J,O ee rrepeceqeHHH c npHMOM OM,. ToqKy rrepeceqemrn 
o6o3HaqnM M 3• 

5) qepe3 ToqKy M3 rrpoBC,l.J,CM BepnIKaJih ,l.J,O rrepece'!eHHH c rrp»:Moil: 
y = x. ToqKy rrepeceqeHttH 0601Haq11M M2. 

6) HcKoMaH TO'!Ka A 1 Haxo,l.J,ttTCH KaK TOqKa rrepeceqeHHH np»:Moil: 

AB c roptt30HTa.JihIO, npoBe,l.J,eHHoil: qepe1 ToqKy M2• 
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llpUMe'laHue. C rpaqm:qecKMM cnoco6oM noC'TpOeHMH n:enecoo6-

pa:mo 3HaKOMMTb yqarn;MXCH nocne npOXO)K)J,eHMH TeMbl «IlO)J,06Me TJ)e­

yrOJibHMKOB», TaK KaK )J,0Ka3aTeJibCTBO Toro, qTO TOqKa A I - MCKOMaH, 

CTpOHTCH Ha OCHOBe Il0)J,06MH COOTBeTCTBYIOID:MX TpeyroJibHMKOB. 

22 

5.2. CaMoCTOHTeJibHaH pa6oTa no TeMe: 

«Pa3JIH'IHbie )J;eHCTBHH c )J;p06HMH» 

1. BhlnonHMTe )J,eikTBMH: 

B)x+6+8-x; 
l-x x-l 

)J.) c + d : 7 c +2 7 d. 
x x 

1 Bapuanm 

2 b2 
6) a -

14m3 

28m 3 

Sa -Sb' 
3c2 

r) 2mn· 
3 2

, 

4m ·n 

2. Pa3JIO)KMTe Ha MHO)KMTemI MHOroqneH a 3 + 2a 2 
- 3. 

2Bapuanm 

1. BbmOJIHMTe )J,ei1:crnMH: 

a) [-a 4 I (2x)]4; 

B) c+3 + c-14; 
c+l l+c 

,11,) 4c
3 

16c
4 

Sx-Sy x 2 
- y 2 

6) 4m + 4n . _l_O_ 
Sx 3 m2 

- n2
' 

10m2 

r)---Sm; 
m-n 

2. Pa3JIO)KMTe Ha MHO)KMTeJIM MHoroqneH a 3 + a 2 + 4. 

/(ono1mumeJ1bHOe 3ai)auue 

IIocTJ)oiiTe rpacpHK cpyHKU:MM 

y=(1-~)(_!_+_2 )· 
l+x x 1-x 



6. nOCTPOEH"'1E rPAct>"'1KOB ct>YHKL.J,111111 B"'1AA: 
Y = f(lxl), Y = l!Clxl)I 

IIpuMep. IlocTJ)OHTe rpa<i>HK <i>YHKQHH y= 1-lxl+ 71. 

• •• • .. 
/ 

y 

Puc. 6.1 

x 

~ I y=1-1x1+11 
o. y=-\x\+7 
~ :.. y=-lxl I y= 1x1 
i::: 

IlpUMettaHue. Hcrronh3Y5.I CBOHcTBa Mo,ny11J1, MOJK:HO 6bmo CTJ)OHTh 

rpa<l>HK y= llxl- 7). 

6.1. IloCTpoiiTe rpacl>HKH cl>YHKUHH: 

1. y= lxl -2; 

2. y= Jx-21; 
3. y= llxl -21; 
4. y= 1-lxl -2\; 
s. y= l4-2·Jxll; 

6. y=ll1x1-21-1!; 
7. y= jlx2 -ll-2j; 
8. y= llx+ll -Jx-111; 
9. y= llx -11 -2 jlxl -311· 

6.2. 06o6m:aiom:Hii ypoK IIO TeMe 
«IlOCTpOeHHe rpacl>HKOB cl>YHKUHH» 

IlpUMettaHue. IIepe,n ypoKoM Ha cTeH,n «Cero,nHJI Ha ypoKe» rrpw­
Kpen11J1eTcJ1 Ta6JIHQa «IlOCTJ)OeHHe rpa<i>HKOB <l>YHKQHH c IIOMOrn:hIO 
reoMeTpH'IeCKHX npeo6pmoBaHHH H3BeCTHblX rpa<l>HKOB». 3TOH Ta6JIH­
QeH yqarn:wec5.I MoryT ITOJih30BaThC5.I, orneqa5.1 Ha BonpocbI o rrpeo6pmo­
Bamm rpa<1:JnKOB. 
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U.enb ypoKa: CHCTeMaTH3HpOBaTb pmnHqHbie rrpHeMhI IIOCTPOeHIUI 

rpaqmKOB <PYHKD;HM, orrpe.n:emITb o6nacTb HX rrprrMeHeHmI, 3aKperrIITb 

rronyqeHHhie 3HaHHH c IIOMOin;blO yrrpa:>KHeHHM. 

Bee yrrpa:>KHeHHH BhmonHHIOTCH ycTHO. 

1. YrrpocTIITh Bhipa:>Kemrn: 

a)-~; G) Ix -21; 
x x-2 

B)1~1. 
x+l 

a) 
y 

6) 
y 

l 

0 x -3 0 1 x 

B) y r) y 

4 

0---

0 2 x 

-1 
x 

A) y e) y 

0 x 

x -1m.-----
y 

)!() 

x 

Puc. 6.2 
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2. Ha ,llOCKe HapHCOBaHbl rpaqrnKH ceMH <PYHKI.J;HH (pHC. 6.2) H Ha­
IlllCaHbl ceMI> cpopMyn. Onpe,LleJIHTI>, KaKaH <i>opMyna K KaKoMy rpa<\JHKY 
OTHOCHTCH. 

a) 

r) 

Ix I · Ix -21 1x 2 -11 1) y= --1 
; 2) y= --

2
; 3) y= --

1 
; 4) y= JXI +3; 

x x- x+ 

5)y=4-lxJ; 6)y=Jx+3j; 7)y=i2-Jxl\. 

6.3. CaMOCTOJITeJii.HaH pa6oTa 

1 Bapuaum 

IlocTpOil:Te rpa<i>HKH <i>YHKI.J;Hil:: 
a) y= Jx +6J; 6) y= Ix! -4; B) y= 2-lxl; 

r) y= [3 -!xii; .L\) y= jx +61. 
x+6 

2 Bapuaum 

IlocTpOil:Te rpa<i>HKH cpyHKQHH: 
a)y=lx-41; 6)y=lxl +6; B)y=-lxJ-5; 

r) y= /-Jxl -5 /; .L\) y= ~-=21. 
x-3 

1 sapnaHT 

y 

-4 

y 

x 

Puc. 6.3 

B) 
y 

2 

A) y 

lx+61 
1 Y=x+<J 

0 
-1 

x 

3 <l>yHKUl11111 rpaQJl1Kl1 B 8-11 KJI. 25 



Ha BHyrpeHHeii qacTH ,lJ,OCI<H 3apaHee, rrepe,11, ypoKoM, HapwcoBaHbI 
rpaqmKH 3THX cpyHKllI:IH (pwc. 6.3, 6.4). 

2 aapttaHT 
a) y 6) B) y 

I 
0 x 

6 -5 

I 
0 4 x 0 x 

r) i-1) y 

x-3 

I 0
y=1.x=11 

0 3 x 

0 x -1 

Puc. 6.4 

B xo,11,e B3aI:IMorrpoBepKH Bhrn:CHHIOTCH onrn6KH H rrpoBO,lJ,HTCH pa-
6orn no nx ycTpaHeHHIO. 

y 

5 

26 

6.4. «l>pOHTaJihHaH pa6oTa c KJiaCCOM 

CrpoHTCH rpacpHKH cpyHKllHii: 

lx-21 1. y=--+2x; D(y): x,c2. 
x-2 

l)x>2, y=2x+l; 2)x<2, y=2x-l (pHc. 6.5). 

I y y 

x x -10 I 

Puc. 6.5 Puc. 6.6 Puc. 6. 7 

x 



x3 
2. y=x 2 

--; D(y): x 7'-0. 
lx31 

l)x>O, y=x 2 -1; 2)x<O, y=x 2 +1(pttc.6.6). 
lx+ll 1-x 

3. y=--x+--; D(y): x7'--l; x7'-l. 
x+l 11-xl 

1) x>l, y=x-l; 2) -l<x<l, y=x+l; 3) x<-1, y=-x+l; 
(pttc. 6.7). 

6.5. CaMOCTOHTeJILHaH rpynnoeaSI pa6oTa 

rpyrrrrhI <PopMttpylOTC51 H3 qeTbipex yqaIIIHXC51, O)J;HH H3 KOTOpbIX 
Ha3HaqaeTC51 «KOHCYJihTaHTOM». 

3a,n;aHtte rpyrrrraM: IlOCTpOHTe rpa<PttKH <l>YHKU:HH: 

1) y J x + 21 . (3 - x ); 
x+2 

3 

2) y= x lx~x; 
1 1 
-+-

3) y= x x+l. 
1 1 ' 

x x +l 

4) 
Ix - 21 Ix - 3 I y=--+--· 
x-2 x-3' 

5) y = 11111\llx - ll- ll-1\-1!-1\-1\-1\-1\. 

YqttTeJih rrpoBepReT Bee 3a,n;aHwe y Ka)l(p;oro KOHCYJihTaHTa, KOH­
cyJihTaHT opraHtt3yeT rrpoBepKy pa6oThr Ka)l(p;oro qJieHa rpyrrrrbr. 

B xo.n;e o6cy)l(,n;eHH51 Ka)l(p;oro 3ap;aHtt5I BhrnBJI51.lOTC51 oum6Ktt 
H rrpOBO)J;HTC51 KOJIJieKTHBHa51 pa6oTa Hap; HHMH, OKa3bIBaeTC51 B3aHMO­
IlOMOIIIh. 

CaMoe HHTepecHoe 3a,n;aHtte o6cy)l(p;aeTc51 y .n;ocKtt. 
PeU1e1tue. 

1. yJx +1 I. (3 -x); D(y): x 7'- -2. 
x+2 

l)x>-2, y=-x+3; 2)x<-2, y=x-3 (pttc. 6.8). 
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y 

x 
x 

I 

)-5 

28 

Puc. 6.8 Puc. 6.9 

y y 

2 0--

0 1 2 3 4 x 
-2 

Puc. 6.11 

3 

2. y= x l~x; D(y): x -:FO. 

0 

Puc. 6.12 

Puc. 6.10 

l)x>O, y=x 2 +1; 2)x<O, y=-(x 2 +l) (pHc. 6.9). 
1 1 
--+--

3. v =x x+I. D() ..,.0 ..,. 1 . 1 1 , y: x.,.... ; x.,....-. 

x x +l 

8 

IloCJie BbIIIOJIHeHHbIX rrpeo6pa3oBaHHM y = 2x + 1 (pHc. 6.10). 
lx-21 lx-31 

4. y=--+--; D(y): x-:F2; x:;t.:3. 
x-2 x-3 

l)x>3, y=2; 2)2<x<3, y=O; 3)x<2, y=--2(pHc. 6.11). 

5. Y = lllllJllx - ll- lj-11-11-11-11-11-11 (pHc. 6.12). 

6.6. IIOJJ;Be.nenHe HTOroB ypm~a 

BbICTaBJU!IOTC}I 011eHKH 3a )],Be caMOCTO}ITenbHbie pa60Tb1. 

x 

x 



6. 7. 3a)J;aHHe Ha )];OM 

Ilop;rOTOBHThCH K KOH'TpOJibHOH pa6oTe, IIOBTOpHB rrpaBHJia p;eiicT­

BHH c p;po6HMH H crroco6hI IIOC'TpOeHHH rpa<i>HKOB <i>YHKI(Hii; IIOCTpOHTh 

A-. A-. (3x + 1) ·I x - 11 + 3x 2 
- 2x - 1 

rpa't'HK 't'YHKI(HH y = . 
lxl+2x+l 

7. ctlYHKUlll5i y = ,f; 

IIpuMep. IlocTpoiiTe rpa<i>HK <i>YHK.UHH y =I~ -21. 

y y=lfi~-11- 2 1 
~ 

Puc.7.1 

:i: 

~ y=ffe=li-2 
~ 
" ~ y= ffe=ll 
§' 
t:: 

y= ~Gel 

7.1. IlocTpOiiTe rpacl>HKH cl>YHKU:Hii: 

1.y=Fx+4; 9.y=-h; 

2. y=-Jx+4; 

3.y=-Jx+4+3; 

4. y=-Jx+5 -3; 

5. y= -Jx -5 +3; 

6. y=-Jx-5 -3; 

10. y=d-0; 

11. y=M; 

12. y=-Jx+3; 

13.y=-~; 

14.y=l-~; 

~ 
:i: 
0) 

0 
g. -··-··-
u 
§ 

" 0 ---

1 

7. y=-Fx; 15. y=ll-~311· 

8.y=M; 
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8. CbYHKL..l,V1V1, nPV1 noCTPOEHV1V1 rPACbV1KOB KOTOPblX 
V1CnOnb3YETC51 nPE05PA30BAHV1E BblPA>t<EHV1111, 

COAEP>t<AW,V1X KBAAP A THblE KOPHV1 

30 

x~(x-1) 2 

IIpuMep. IIocTpoiiTe rpacl:>HK cl:>YHKU:HH y == ---
1 x I y 

D(y): x *- 0 

1) x > O; y = \x - 1 j; 

x 2)x<O;y=-\x-l\. 

Puc. 8.1 

8.1. IlocTpoii:Te rpaf}>HKH fl>YHKD;Hii:: 

I. y==xN; 

N 2.y==-; 
x 

3_ y=-2N; 
x 

4. y== .JI+2x+x
2

; 

x +I 

s. y==W -1; 

6. y=~(x+l) 2 -x; 

7. y == .J x 2 
- 2x + 1 - x; 

8. y==2-.Jx 2 +2x+l; 

9. y=x -.JI +x 2 -2x; 

10. y==N -.Jx 2 -2x+1; 

11. y == .J x 2 + 6x + 9 -..J-x-2 --2-x_+_l; 

12. y= .Jx2 -6x +9 + .Jx 2 +2x+1; 



13. y= .Jx2 -4x + 4 + .Jx 2 -8x +16 +.Jx 2 -12x +36; 

14. y=.Jx 2 +4x+4+.Jx 2 -2x+l +.Jx 2 -6x+9; 

1s. y= <£)2 +N; 
~x 2 (x-1) 

16. y = /-------; ; 
-vx -1 

9. noCTPOEHV1E rPACbV1KOB 
KBAAP A TV14Hb1X Cb YHKLJ,V1ill, 

V1Cnonb3Y51 METOA BblAEnEHV151 
nonHoro KBAAPA TA V1 rEOMETPV14ECKV1E 

nPE05P A30BAHV151 rp A CbV1KOB 

1 
IIpHMep. IlocTpOHTe rpaqrnK cpyHKU:MM y = - x 2 - 3x + 6. 

2 
BbIIIOJIHHM Heo6xo,a:HMbie rrpeo6pa30BaHm1: 

1 2 1 2 -x -3x+6=-(x -6x+12)= 
2 2 

I I 
=-(x 2 -6x+9+3)=-((x-3)2 +3). 

2 2 

CTpott:M rpacptt:K cpyHKU,HH 

y=!((x-3) 2 +3)= 
2 

1 2 3 
y=l(x-3) +2" 

y 

0 1 3 

Puc. 9.1 

x 
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9.1. IlocTpoiiTe rpa<l>HKH <l>YHKIJ;Hii: 

1. y = x 2 
- 4x + 4; 

2. y=x 2 -2x -2; 
3. y=x 2 

- 4x; 

4. y=x 2 + 4x +3; 

5. y=-x2 +6x-9; 

6. y=-x 2 +6x -8; 
7. y=-x2 +4x-1; 
8. y = -2x 2 + 4x + 1; 

1 2 9. y=--x +x-1. 
4 

9.2. y CTHhie caMOCTOHTeJibHhie pa6oTbl no TeMe 
«rpa<l>HK KBa,l1;paTH'IHOH <l>YHKIJ;HH» 

l 6apua11m 

1. Ha p1Ic. 9.2 mo6pa)l(eH rpa<J:>IIK KBa.D;paT1Iqnoil: <i>YHKQIIII. BnlI­
MaTeJibHO npoqlITail:Te sonpoc II, nOJih3Y5ICh qepTe)l(OM, onpe.D;eJIIITe, 
KaKOH II3 OTBeTOB (a- r) 5IBJI5IeTC5I npaBIIJibHbIM? 

32 

y 

x 

Puc. 9.2 

1) IlplI KaKIIX 3naqeH1I5IX apryMeHTa x 
3HaqeHII5I y paBHbl 0: 

a) nplI x =3; 
6) npH X = -1 II X = 3; 
B) npH X = 1; 
r) «He 3HalO»? 

2) IlplI KaKIIX 3HaqeHII5IX apryMeHTa x 
3HaqeHII5I <i>YHKQHII y IlOJIO)l(IITeJihHhI: 

a) np1Ix>O; 
6) np1Ix< -11Ix>3; 
s)nplix>-3; 
r) <<He 3HaIO»? 

3) IlplI KaKIIx 3naqemrnx apryMenrn x 3naqenll5I <J:>ynKQIIII y orp1I-

a) nplI -1< x< 3; s) nplI x< 0; 
6) nplI -4< x< O; r) <<He 3na10»? 

4) IlplI KaKHX 3HaqeHH5IX apryMeHTa x <i>YHKQII5I y B03pacrneT: 
a) nplI x>-4; s) nplI x> l; 
6) nplI x > O; r) «He 3HaIO»? 



5) IlpH KaKHX 3HaqeHHJIX apryMeHTa x QlYHKU:HJI y y6brnaeT: 

a) rrpH x< l; B) rrpH x< 3; 
6) rrpH x > -1; r) «He 3HaIO»? 

6) IlpH KaKHX 3HaqeHHJIX apryMeHTa x QlYHKU:HJI y HMeeT HaHMeHb­

rnee 3HaqeHHe: 

a) rrpH x< -1; B) rrpH x = l; 
6) rrpH x > -4; r) «He 3HaIO»? 

7) KaKoe H3 rrepeqHcneHHbIX 3HaqeHHH MOIKeT npHHHMaTb <PYHK­

U:HJI y: 
a) y=O; B) y=50; 
6)y=-5; r)«He3Ha10»? 

8) rpa<jlHK KaKOH H3 nepeqHCJieHHbIX QlYHKU:HH H306pa1KeH Ha pH­

cyHKe 9.2: 
a) y = (x + 4) 2 -1; 
6) y=(x+l) 2 -4; 

B) y=(x-1) 2 -4; 
r) «He 3HaIO». 

llpUMetJmlUe. 0TBeTbI K ycTHbIM caMOCTmnenbHbIM pa6oTaM N2 1 
H N2 2 yqeHHKH npe,ll;CTaBJIJIIOT B 3apaHee cocTaBneHHOH rn6nHu:e, qTo 

,[(aeT B03MOIKHOCTb 6bICTpO ocymecTBHTb o6paTHYIO CBJl3b. 

Kapmol.fKa dRR omeemoB 

( <l>aMHJIHJI yqeHHKa) 

NQ l I l 1

2

1

3

1

4

1

5

1

6

1

7

1

8

1 

N22Il12131415161 

0TBCTbl Ha 3a)"laqn ll3 BapttaHTa l 

( <l>aMHJillll yqeHHKa) 

l 2 3 4 5 6 7 8 
N2l66aeaeae 

B 

He3anonHeHHYIO (cneBa) KapToqKy yqeHHK nonyqaeT nepe,ll; ypo­

KOM, 3aITOJIHCHHYIO (cnpaBa) C)l;aeT yqHTeJIIO nocne BbIITOJIHCHHJI pa-

60TbI. 

2. y CTaHOBHTe, KaKoe ypaBHeHHe COOTBeTCTByeT Ka:>K,ll;OMY 113 rpa­

QlHKOB, H3o6pa)l(eHHbIX Ha p11c. 9 .3, ecn11: a> O; b > 0. 
0 2 2 1. y=x·; 2. y=x -b; 3. y= (x -a) ; 

4. y=-(x+a) 2
; 5. y=(x+a) 2 -b; 6. y=-(x-a) 2 +b. 
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a) 6) y B) 

y 

x 

0 x 

0 x 

r) A) y 
e) y 

y 

x x 0 x 

Puc. 9.3 

2aapuanm 

1. Ha pHc. 9.4 mo6pa:>KeH rpaqmK KBa,IJ,parnqHOH QJYHKUHH. BHH­

MaTeJihHO npoqHTaihe BOrrpoc H, IIOJ1h3Y51Ch qepTe:>KOM, onpe,IJ,eJIHTe, 

KaKOM H3 OTBeTOB (a - r) 5IBJI5IeTC51 rrpaBHJihHhIM. 

-3 

I) IlpH KaKHX 3HaqeHHHX apryMeHTa x 
y 3HaqeHH51 QJYHKUHH y paBHhl 0: 

0 x 

Puc. 9.4 

a) x =1; 
6)x=-3Hx=l; 
B)X=-1; 
r) «He 3HaIO»? 

2) IlpH KaKHX 3HaqeHMHX apryMeHTa x 

3HaqeHMH QJYHKUHH y IIOJIO:>KHTeJibHhI: 

a) x> 1; 
6) x>-3; 
B) -3< X< 1; 
r) «He 3HaIO»? 

3) Ilpn KaKHX 3HaqeHH5IX apryMeHTa x 3HaqeHH51 cpyHKUHH y OTPH­

uaTeJihHhI: 

34 

a)x<-3Hx>l; 
6)x< -3; 

B) x< O; 
r) «He 3Ha10»? 



4) IlpH KaKHX 3HaqeHmIX apryMeHTa x cpyHKllmI y B03pacTaeT: 

a) x< O; B) x< -1; 
6) x< l; r) <<He 3Ha10»? 

5) IlpH KaKHX 3HaqeHHHX apryMeHTa x cpyHKllmI y yfarnaeT: 

a)x>l; B)x<-3; 
6) x > -1; r) <<He 3HaIO»? 

6) IlpH KaKHX 3HaqeHHHX apryMeHTa x cpyHKllHH y HMeeT HaH60Jih­

rnee 3HaqeHHe: 

a) npH x = -1; B) npH x =I; 
6) npH x =2; r) «He 3HaIO»? 

7) KaKoe H3 nepeqttcnelIHhIX 3HaqeHHH MO)KeT npHHHMaTh cpyHKllmI: 

a) y=O; B) y=50; 
6) y = 5; r) «He 3HaIO»? 

8) I'pacpHK KaKOH H3 nepeqHCJieHHhIX cpyttKllHH H306pa)KeH Ha 

pttc. 9.4: 
a) y=-(x+4) 2 +I; 
6) y=-(x -1) 2 + 4; 

B) y=-(x+l)2 +4; 
r) «He 3HaIO»? 

2. y CTaHOBHTe, KaKoe ypaBHeHHe COOTBeTcTByeT Ka)K,11,0MY H3 rpa­

cpHKOB, H306pa)KeHHhIX Ha pHC. 9.5 (a> 0, b > 0): 
1. y=-x 2

; 2. y=(x+a) 2
; 3. y=(x-a) 2 +b; 

4. y=-x 2 + b; 5. y=-(x + a) 2 
- b; 6. y==-(x - a) 2

• 

a) y 6) y B) 
y 

(\ 
x 0 x 

0 x 

r) .LI) y e) y 
y 

v x 

x 

0 x 

Puc. 9.5 
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10. cPYHKLl,V1V1, 
nPvt nOCTPOEHV1V1 rPAcPV1KOB KOTOPblX 

V1CnOJlb3YETC51 PA3Jl0}t{EHV1E KBAAPA THOrO 
TPEXL!JlEHA HA JlvtHElllHblE MHO}t{V1TEJlV1 

(2-x)(x 2 -x-2) 
IlpuMep. IlocTpoiiTe rpaqrn:K cpyHKQHH y = · . 

lx+ll 

\,y 9 

1 1 2 
x 

D(y): x * -1; 

(2-x)(x+ l)(x-2) 
y= Ix+ 11 ; 

-(2-x)2(x+ 1) 
y=-----; 

Ix+ 11 
l)x>-1; y=-(x-2)2

; 

2) x < - J; y = (x - 2)2. 

Puc. 10.J 

10.1. IIocTpoii:Te rpa<)>nKu <)>yuKu;nii:: 

4x 2 -1 
1. y=--; 

2x+1 

x 2 -3x-4 
2. y= ; 

x +l 
3 

_x 2 +x-2. 
.y-----, 

x+2 

4_ y= x
2 

+5x -6; 
x+l 

5 =12+x-x
2

• 

. y x 2 -16' 
6 

_x 2 -3x+2 . 
.y- lx-21 ' 

7 
_ (5-x)(x 2 +2x -15) . 

. y- ' 
lx-31 

10.2. Bonpoch1 K TeopeTnqecKoMy 3aqeTy no TeMe 
«KBa.LJ,paTuquaH <l>YHKD;HH» 

I . ,l(ai1Te orrpe.r1eneHne KBa.r1paTHoro TPexqneHa. 
2. IfanmimTe crroco6 BhI.[leJ1emur H3 KBa.r1paTHoro TPexqneHa CTOJI­

Horo KBa.r1paTa .[(ByqneHa. 
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3. ,L(aihe onpe):(enemrn Kopm1, nmr Hym1, KBa):(paTHOro TPexcrneHa. 

Bhrne):(HTe cpopMyny HaxmK):(eHIDI KopHeii (Hyneii) KBa):(parnoro TPex­

qneHa. 

4. ,L(aiiTe onpe):(enemre /l:HCKpnMHHaHTa KBa):(paTHoro TPexqneHa. 

Jfano:llmTe nccne):(OBaHne KopHeii KBa):(paTHOro TPexqneHa no ero /l:HC­

KpnMmmnTy. 

5. ,L(oKa)KHTe TeopeMy Bnern. 

6. ,L(oKa)KHTe TeopeMy: Ecllu x 1 u x 2 - Kop1tu Keadpam1to20 mpex­

l/Jle1ta ax
2 

+bx+ c, mo ax
2 

+bx+ c= a(x -x1 )(x -x2 ). 

7. ,L(aiiTe onpe):(eneHne KBa):(pa·mqHoii cpyHKI!HH. PaccMOTPHTe 

cpyHKI!HIO y = ax
2

, a * 0. I13TIO)KHTe ee CBOHCTBa H IlOCTPOHTe rpacpnK, 

paCCMOTPHTe pa3nnqHbie 3HaqeHmI K03cpcpHI!HeHTa. 

8. PaccMOTPHTe cpyHKI!HJO y =a (x + b )2
, a -:t 0. Jf3no)KHTe n o6oc­

HyiiTe cnoco6 IIOCTPOeHmI rpacpnKa 3TOH <i>YHKQHH no HMeJOIQeMyCH 

rpacpnKy cpyHKI!HH y = ax
2

• IIpnBe):(nTe npnMepb!. 

9. PaccMOTPHTe cpyHKI!HJO y = ax 
2 + c, a f::. 0. l13TIO)KHTe n o6ocHyii­

Te cnoco6 IlOCTpoeHIDI rpacpnKa TaKOH <i>YHKI!HH no HMeJOIQeMyCH rpa­

cpnKy cpyHKI!HH y = ax
2

• IIpnBe):(nTe npnMephI. 

10. PaccMoTpnTe cpyHKI!HJO y= a (x + b) 2 + c, a -:tO. l13TIO)KHTe 

n o6ocHyiiTe cnoco6 rrOCTPOeHHH rpacpnKa TaKOii cpynKI!HH no nMeJO­

IQeMycH rpacpHKY <i>YHKI!HH y = ax
2

• IIpnBe):(nTe npnMephI. 

11. KaK m rpacpnKa cpyHKI!HH y = ax
2 nonyqnTh rpacpnK cpyHKI!HH 

y=ax 2 +bx+c? 

12. ,L(oKa)KHTe TeopeMy: EcJ1u ducKpuMu1ta1tm Keadpam1to20 mpex­

l/JleHa ompu11ameJ1e11, mo 3HaK Keadpam11020 mpexl/JleHa npu ecex 311a­

tte11uRX x coenadaem co 311aKOM K03rjxfmlJue11ma npu x
2

• 

13. IIpnBe):(nTe rrpnMephI KBa):(paTHhIX TpexqJ1eHOB, nMeJOu~nx: 

a) Han6onbJIIee 3HaqeHne; 6) HanMeHhIIIee 3HaqeHne. 

14. IlpnBe):(HTe npnMephI KBa):(paTnqHhIX <i>YHKI!HH: a) nonO)KH­

TenhHhIX npn Bcex x; 6) nonO)KHTenhHhIX rrpn BCex x, KpOMe O):(HOro; 

B) OTPHI!aTenhHhIX npn Bcexx; r) OTPHI!aTenhHhIX npn Bcexx, KpoMe O):(­

Horo; ll:) nonO)KHTenhHhIX rrpn 0< x< l; e) OTPHI!aTenhHhIX npn x< -2 
n x > 0; )K) nonO)KHTenhHhIX npn x < -1 n x > 3; 3) OTPHI!aTenhHhIX npn 

I< x< 3. 
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15. IIp1rnenHTe rrpHMepbI KBa~aTHqHhIX cpyHKIJHH: a) B03pacrn10-

IIIHX rrpH x > 2; 6) y6hrnaIOIIJHX rrpH x < - 3. 

16. IlpHBe'AHTe rrpHMepbI qeTHhIX KBanpaTHqffhIX cpyHKIJHH. 

1 7. IlpHBe'AHTe rrpHMephI KBanpaTHqHhIX cpyHKIJHH BH'Aa y = ax2 

H y = a (x + b ) 2 + C. rne Ha rrpaKTHKe BCTpeqaIOTCH KpHBhie, HMeIOllJHe 

BH'A rrapa6onh1? 

10.3. 3a)J,aqu 

1. Ha KOOP'AHHaTHOH rrnocKOCTH Oxy H3o6pa3HJIH rpacpHK cpyHKIJHH 

y = x 2
• IloTOM OCH CTepJIH - Ha pHCYHKe OCTaJiaCb TOJihKO rrapa6ona. 

KaK rrpH rroMOIIIH IIHPKYJIH H JIHHeHKH BOCCTaHOBHTh ocH KoopnHHaT 

H enHHHIJY 'AJIHHhI? 

2. IloqeMy rrapa6ony-rpacpHK KBanpaTHqHoH tPYHKIJHH y= x 2 
-

pHcyIOT Ha KoopnHHaTHOH IIJIOCKOCTH TaK, KaK rroKroaHo Ha pHCYHKe 

10.2? IloqeMy ee He pHCyIOT TaK, KaK Ha pHCYHKax 10.3 H 10.4? 
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x x 

Puc. 10.2 Puc. 10.3 Puc. 10.4 

11. AP06HO-nV1HEC1HblE ct:>YHKLl,V1V1 

k 
06paTHO rrporropIJHOHaJibHaH 3aBHCHMOCTh: y = -. 

x 

k < -1 k = -1 -1 < k < 0 

4 4 + k<O 

a I ( 

x 



O<k<l k"" 1 k >l 

k >0 + ~ ~ \ 
x 

11.1. flpHMepbI 

IlpHMep 1. Iloc'Ipoil:Te rpaqrnK <)JyHKU:HH y = -11_; D(y): x * 1, 
lxl-1 

x=F--1. 
x x-1+1 1 

l)x>O, y=-= =l+-; 
x-1 x-1 x-1 

-x x x +1-1 1 
2)x<0, y=--=-= =1--(pHC. 11.1) 

-x -1 x + 1 x + 1 x + 1 

IlpHMep 2. IIoc'IpOHTe rpa<jJHK <PYHKU:HH y=1~1; D(y): x =F-1, 
x-1 

y=ll+-1 I· x-1 

IIcrroJih3yeM rrpaBHJIO rroc'IpOeHHH rpa<jJHKa <PYHKU:HH y =If (x) I 
(pHC. 11.2) 

IlpHMep 3. IloC'IpOHTe rpa<jJHK <)lyttKU:HH y = _x_; D(y): x * 1. 
lx-11 

)

!Y !\_ I I 

I I 

I I 
· 1 . 

-·-·-1 ·+·-·- -·O . 
-1. . I 

I 

Puc. 11.1 

x 

y i\ y ~ 
1 i~ -·-·l ~~ 

x 

Puc. 11.2 Puc. 11.3 
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x x-1+1 1 
l)x>l, y=-= =1+-; 

x-1 x-1 x-1 
x x 

2)x<l, y= =--(pnc. 11.3) 
-(x-1) x-1 

11.2. IlocTpOiiTe rpa<!>HKH <l>YHKD;Hii: 

1 \x-1\ 
I. y=2--; 13. y=---; 

x lxl-1 

x 
14.y=-l 1 I; 2.y=-; 

x-1 x-1 

x 

3 
x+I 15 - lxl-2 . .y=-; .y- ' 
x-1 lx+31-l 

x-1 
16 = 2x-1. 4.y=-; 

· y lx-31' x+l 

1-x 
17. yJ2x-ll; 5.y==-; 

x+3 x-3 
2x-l 

18 _l2x-ll. 
6.y==--; .y-lx-31' x-3 

7. y== 3x +4; 
x-1 

19.y= --; I 2x-1 I 
x-3 

8 
x+2 20 _2\xl-1. 

.y=-; . y- lxl-3' 3-x 

1 
21 J2x - lJ. 9.y=--; 

. y lxl-3' lxl-3 

1 
22. =12\xl-11· 10.y=--; 

3-lxl y lxl-3 ' 

2 1 
11.y== ; 23. y==lxl+-; 

!x-11-1 \xi 

12. yJx - 41; 24. y= Ix+ II-Ix -11; 
x+2 x 
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25. y= jx-3j+jx+ll. 
lx+3l+!x-lj 

11.3. BorrpochI K reopeTHIJeCKOMY 3a11eTy 

1. ,D,aihe orrpep;enem1e p;po6Ho-mrnei1Hoii <l>YHI<um1. PaccMorpnre 

<l>YHI<ll,HIO y = !!:_. lfano:)l<HTe CBOMCTBa 3TOM <l>YHI<ll,HH, ITpOHJIJIIOCrpH-
x 

pyiire csoiicrsa rpa<}>nqecI<H. KaI< H3MeIDieTcH ITOJIO)Kemre semen rH­
ITep6onhI OTHOCHTeJihHO oceii KOOpp;irnaT: a) B 3aBHCHMOCTH OT 3HaKa 
rrapaMerpa k; 6) rrpn mMeHemm a6coJJIOTHOM BeJinqHHhI k? 

2. lfanmKHTe JI o6oCHyi1re cIToco6 rrocrpoemrn rpa<}>nI<a <l>YHKll,HH 
k k 

y = -- ITO HMeIOIUeMycH rpa$HKY <i>YHKll,HH y = -. 
x-a x 
3. lfanO)KHTe H o6ocHyilre crroco6 ITocrpoeHHH rpa<}>nI<a <l>YHKUHH 
k k 

y = - + b ITO HMeroiueMyc.11 rpaqrney <l>YHKIJ,HH y = -. 
x x 
4. l13JIO)KHTe n o6ocnyiire cIToco6 ITocrpoemrn rpaqmKa cpyHKIJ,HH 
k k 

y = -- + b ITO HMeIOIUeMycH rpa<}>HKY cpyHKll,HH y = -. 
x-a x 
5. lI3JJO)KHTe H o6ocHylire cIToco6 ITocrpoeHH.II rpa<jmKa <l>YHKIJ,HH 
ax+b 

y= cx+d° 

6. IlpHBe)J;HTe <}>opMyJihI H3 reoMeTpHH II <}>H31IKII, cop;ep)Kaiu11e 06-
paTHO ITPOITOpll,HOHaJihHhie BeJIHqHHhl. 

4 ct>yHKUHM H rpac!>ttKM B 8-11 Kn. 41 



9 Knacc 

12. KBAAP A H1Lf HA51 cp YHKL..1,11151 

12.1. Kea~paTH'IHaH cl>YHI'-'.U.HH y = ax2 + bx+ c 

a D ~ b >0 b=O b<O 

D<O c>O ~ 4--x ~ 
c>O 4-x -¥x D=O 

-h c= 0 

a >0 

~ ---JJx c>O 

D>O C= 0 -4-x --lrx 
c< 0 -W--x 4-x ~ 

D<O c< 0 ~ + --ffx 
c<O ~ -Tof-x 

D=O 

+ C= 0 

a<O 

-hx -fo{-x c< 0 

D>O c= 0 +, -4----x x 

c>O ~ ~ -4-x x 
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12.2. y CTHhle ynpa~1rneHHB 

1. Ilp1rna)J;Jie)l(aT JIM TOqKH ( .J2; .J2) H (2; 2 + .J2) rpacpnKy <l>YHKIJ.HH 

y=x2 + .J2 -2? 

2. Ilpn KaKOM 3HaqeHHH c rrpoxo)J;5IT qepe3 TOqKy (2; 1) rpa<i>HKH 

<l>YHKIJ.HM: a) y=x 2 +5x + c, 6) y=x 2 +ex+ l? 
3. Hali)J;HTe TOqKn rrepeceqeHH5I c Koop)J;HHaTHbIMH OC5IMH rpa<Pn­

KOB <l>YHKIJ.HM: a) y=x 2 + 6x + 8, 6) y=x 2 -x - 42. 
4. HaliJJ,HTe Te 3aaqeHH.II k, rrpH KOTOpbIX rpa<i>HK <l>YHKIJ.HH 

y=x 2 +2x +21 + k HMeeT OJI.HY 06Il1yJO TOqKy c ocbJO Ox. 
5. Hali)J;HTe ypaBHeHne OCH rrapa6oJihI y = (x + l)(x -3), a TaK)l(e 

KOOp)J;HHaTbI ee BepIIIHHbl. 

6. IlpH KaKHX 3HaqeHH.IIX a OCb CHMMeTPHH rrapa60Jibl 

y = x 2 + 2ax +a 2 + b 3a)J;aeTC5I ypaBHeHHeM: 1) x = -1; 2) x = 3? KaK 

BJIH5IeT Ha BM)]; ypaBHeHH5I OCH rrapa60Jibl 3HaqeHHe rrapaMeTPa b? 
7. Haii)J;HTe paccT05IHHe Me)l()J;y OCbIO rrapa6oJihI y = x 2 

- x - 6 
H OCblO Oy. 

8. HaM)J;HTe paCCT05IHHe Me)l()J;y OC5IMH CHMMeTpHH rrapa6on 

1 
y=x 2 -5x +6 H y=x 2 +x +-x. 

4 
9. Ha KaKoM paccTo5IHHH OT aaqana KOOp)J;HHaT Haxo)J;HTC5I Beprnn­

Ha rrapa6oJibI y = (x + 1) 2 -5? 
10. Ilo BH)J;Y rpaqmKOB <l>YHKQHH y = ax 2 + bx + c C)J;enaii.Te BbIBO­

Jl.hI 0 3HaKax Km<l><l>HIJ.HeHTOB a, b, c (pttc. 12.1). 

y 

y 

x 

Puc. 12.J 
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11. He ClpOH rpa<\>HKOB <l>YHKU:HH, rroHCHHTe, KaK OHH pacrroJio)!(e-
Hhl Ha KOOp,ll,HHaTHOH IIJIOCKOCTH: 

a)y=x 2 -4x+4; 
6)y=-X 2 +x-4; 

r) y=x 2 +9x +20; 
.ll.) y=-x2 

+2x+35; 
e) y=-x 2 -6x-9. B) y=x 2 -2.x +1; 

12. fpaqmK KaKOH cPYHKU:HH BhirJ15I)J,HT TaK, KaK IIOKa3aHO Ha pH­
cyHKe 12.2: a) y=x 2 +2x-3; 6) y=x 2 -2x+3; B) y=-x 2 

-2x+l; 
r) y = -x 2 + 2x + 1; .ll.) y = -x2 + 2x -1? 

y 

x 

x 

Puc. 12.2 Puc. 12.3 

13. 3a)J,aHTe aHaJIHTHqecKH <l>YHKU:HH, KOTOpbie COOTBeTCTBYIOT 
rpaqmKaM, HBJIHIOII\HMCH pe3yJII>TaTOM rraprumeJioHoro rrepeHoca rpa­

<\>HKa cj:JyHKU:HH y = x 2 : a) B,ll,OJih OCH Oy Ha a e,ll,HHHU:; 6) B,ll,OJih OCH Ox Ha 

-3 H B)J,OJih OCH Oy Ha 1 e)J,HHHU:Y· 
14. KaKa» m yKa3aHHhIX cj:JopMyn 3a,n:aeT napa6ony, mo6pa)l(eH­

HYIO Ha pHCYHKe 12.3: a) y = -x 2 + 2; 6) y = -x 2 + 2x; B) y = -x 2 -2x; 
r) y=-(x -1) 2

; .n:) y=-(x -2) 2? 
15. HanmimTe ypaBHeHHH rrapa6on, H306pa)l(eHHhIX Ha pHCYHKe 

12.4, ecnH OHH IIOJ1yqeuh1 H3 rrapa6oJihI y = x 2
• 

16. Hatt,n:HTe MHO)Kecrno 3HaqenHiI <l>YHKU:HH y=x 2 -2x +3. 
17. 11pH KaKHX 3HaqeHH5IX x paBH5IIOTC5I Hynro, IIOJIO)!(HTeJihHhI HJIH 

OlpHU:aTeJihHhI CJie,ll,yIOrn:He KBa)J,paTHhie lpeX1UleHhI: 
a)x 2 -4+4; 6)x 2 -x-2; s)-x 2 -5x+66; 
r)-x 2 +3x-20; .ll.)X

2 -5x+10? 
18. Ilpn KaKOM 3HaqeHHH c <l>YHKU:HH y = x 2 

- 2x + c rrpHHHMaeT 
TOJibKO IIOJIO)!(llTeJihHbie 3HaqeHH5I? 

19. Ha30BHTe rrpoMe)!(yTKH B03pacTaHHH n y6hrnamrn cj:JyHKU:HH 
y = -x 2 + 2x - 9. KaKOBO MHO)!(ecrno 3HaqeHHH <J:>yHKI!HH? 
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y 

y 

0 2 

x 0 x 

y y y 

x 
-1 

y 
y 

0 2 x 0 2 x 

Puc. 12.4 

20. Haii,n;HTe MHO)Kecrno 3HaqeHHii apryMeHTa <Pymrn;m1 

y = 5 + 4x - x 2
, npn KOTopoM <PYHKu.mi:: a) y6hrnaeT (so3pacrneT); 6) rro­

JIO)KlfTCJibHa ( OT})HIJ,aTenhHa). 

21. IlpH KaKHX 3HaqeHHHX x ,D,OCTHraIOT HaHMCHblllero H HaH60Jib­

Illero 3HaqeHHH <PYHKU:HH: a) y=x 2 +3; 6) y=-x 2 -3x; B) y=-x 2 -5; 
r) y = x 2 

- Sx; p,) y = x 2 -6x + 9; e) y = -x 2 + 8x + 12? 
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22. IlpH KaKHX 3HaqeHHHX a rpa$HKH cpyHKQHH y = x 2 + 2x + 4 
H y =a HMeJOT: 1) )J,Be o6rn;He rnqKH; 2) O/l:HY 06rn;y10 TOqKy; 3) He HMe­
IOT o6rn;Hx ToqeK? 

23. KaK pacrronaraeTc.a ornocHTeJIJ>HO oceii Ox H Oy rpacpHK <i>YHK­

QHH: 1) y=x 2 +3[xJ+2; 2) y=Jx 2 
-5x+4J? 

12.3. y CTHaH KOHTpOJibHaH pa6oTa no TeMe 

«KBa,npaTH'IHaH «l>YHKil,HH» 

1 Bapuanm 

1. IlpH KaKOM ycJIOBHH KBa,n:paTlfqHaH <i>YHKIJ,MH y = ax 2 
+ bx + c 

IIOJIO)KlfTeJihHa rrpH BCex ,n:eiiCTBHTeJibHbIX 3HaqeHHHX x? 
2. IlpH KaKOM ycnoBMM KBa,D,paTMqHa.a cpyHKIJ,MH y = ax 2 +bx+ c 

HMeeT Ymax =Cf? 

3. IlpH KaKOM ycJIOBlilI HepaBeHCTBO ax 2 + bx + c > 0 BbIIIOJIHHeTCH 
rrplI X1 < x< Xz, r,n:e X1 lI Xz - KOpHlI COOTBeTCTByrorn;ero KBa,D,paTHOro 
TPexqneHa? 

4. IlpH KaKOM ycJIOBlIH HepaBeHCTBO (ax 2 +bx+ c)(x + 2)(x - 5) > 0 
crrpaBe)J,JilIBO TOJibKO rrplI -2< x< 5? 

5. Orrpe,n:enMTe 3HaK rrapaMeTpa a KBa,D,paTMqHoii cpyHKIJ,lIM 
2 b 

y= ax +bx+ c, eCJIH y 2 > y 1 rrpH x 2 < x 1 < --. 
2a 

6. Ilptt KaKOM ycJIOBHH rpaqrnK KBa,n:paTlfqHOH cpyHKIJ,HH 
y = x 2 + px + q rrepeceKaeT OCb Ox B TQqKaX, a6CQlICCbl KOTOpbIX OT­
JiliqHbl OT Hyn.a lI MMeroT o,n:MHaKOBbie 3HaKM? 

7. IlpH KaKoM 3HaqeHMM m rrp.aMa.a y = m rrepeceKaeT rrapa6ony 

y= ax 2 +bx+ c (a< 0) B ,D,Byx TOqKax? 

8. IlpH KaK6M ycnoBHM rrapa6ona y = ax 2 
H rrp.aMa.a y =-bx - c He 

lIMelOT o6rn;MX ToqeK? 
9. IlOCTPOHTe cxeMaTMqeCKlI rpaqrnK <i>YHKIJ,lilI y= ax 2 + bJxl + c' 

ecnH a >0, c>O, b< 0, D>O. 

2 Bapuanm 

1. IlplI KaKOM ycJIOBHlI KBa,n:paTMqHaH <i>YHKQlIH y = ax 2 +bx+ c 
OTPMIJ,aTeJihHa rrpH Bcex ,n:eiicrnMTeJihHbIX 3HaqeHM.ax x? 
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2. IlpH KaKOM ycJIOBHH KBa)J;paTHqHaH cpyHI<IJ,HH y = ax 2 +bx+ c 
HMeeT Ymin = (1? 

3. IlpH KaKOM ycJIOBHH HepaBeHCTBO ax 2 +bx+ c< 0 BbIIIOJIHHeTCH 

rrpH Xi< x< X2 , r)J;e X1 H X2 - KOpHH COOTBeTCTBYIOIIJ,ero KBa)J;paTHOro 

TPeXqJieHa? 

4. IlpH KaKOM ycJIOBHH HepaBeHCTBO (y- 2)(y + 7)(ay2+ by+ c) < 0 
crrpaBe)J;JIHBO rrpH - 7 < y< 2? 

5. Orrpe)J;eJIHTe 3HaK rrapaMeTpa a KBa)J;paTHqHoii cpyHKIJ,HH 

2 b 
y= ax +bx+ c , ecJIH y2 < y 1 rrpH x 2 >xi>--. 

2a 
6. IlpH KaKoM ycJJOBHH rpacpMK KBa)J;paTJiqHoii cpyHKIJ,HH 

y = x 2 + px + q nepeceKaeT OCh Ox B TOqKax, a6cIJ,MCChI KOTOpb1x OT­

JIHqHbI OT HYJIH n nMeIOT pa3Hb1e 3HaKn? 

7. IlpH KaKOM 3HaqeHHH m rrpHMaH y = m rrepeceKaeT rrapa6oJiy 

y= ax 2 +bx+ c (a >0) B )J;BYX rnqKax? 

8. IlpH KaKOM ycJIOBHH rrapa6oJJa y = ax 2 
H rrpHMaH y =bx+ c MMe­

IOT TOJibKO O)J;HY o6IIJ,yIO TOqKy? 

9. IlocTpoiiTe cxeMaTuqecKM rpacpHK cpyHKIJ,HH y = ax 2 + b Ix I + c, 
ecJIH a< 0, c< 0, b< 0, D > 0. 

13. KBAAPATV14Hb1E ¢>YHKL.J,V1V1, 
COAEP>t<AW,V1E 3HAK MOAY n51 

13.1. 3a)J;aqu Ha DOCTpoeHHe rpatl>HKOB tl>YHKU:HH 

IloCTPOMTe rpaqmKH cpyHKIJ,Hii: 

1. y=l-x 2 +2x-11; 
2. a) y= lx 2 -6x +51; 

6) y=x 2 -6lxl+5; 

B) y=lx
2 

-6lxl+51; 

3. a) y=l-x 2 -2x+31; 
6) y= -x 2 -2 Ix\ +3; 

B) y= l-x
2 
-2 \xi +31; 

r) y=-l-x
2 

-21xl+31; 

4. a) y= lxl 2 -7 lxl +6; 

6) y=llx/
2
-7 /x/ +61; 

5. y=lx/(x-2); 
6. y=lx-ll(x-4); 

7. y=x 2 +5lx-ll+l; 
8. y = (3 - x) Ix + 11 ; 
9. y=lx -3/ (x +2); 

10. y=lx-21 (x-3); 
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11. y=x 2 -!x+ll+l; 

12. y=(x+l)(!xl-1); 

13. y=(lx+ll+l)(x-3); 

14. y=(x-1)(2-lxl); 
15. y=(4-lxl)(l-lxl); 
16. y= (1 +lxl)(2-jxl); 

17. y==lx-11 (lxl-1); 

18. y== Ix +21 (x2 +2x); 
x+2 
x-1 2 

19. y==--(x -9); 
lx-31 

20. y== lx-3llx+41; 
21. y == Ix - 111 x + 2 I; 
22. y==/x(lxl-3)+1/. 

13.2. CaMOCTOHTeJibHaH pa6oTa no TeMe 

«IlOCTpoeHHe rpatl>HKOB, CBH3aHHbIX c KBa,Ll.paTH'IHOH 

cf>yHKllHeii» 

Tipe,nnaraeTcM cne,ny10r:u;M cpopMa rrpoBe,nemrn 3TOM caMOCTOM­

TeJibHOM pa6on.r. Ka*.UbIH yqeHHK pttcyeT 5 KJieToK (no qttcny 3a,naHHH, 

CM. 3CKH3) H npHCTynaeT K IIOCl'pOeHHIO rpacpHKOB. KaK TOJibKO IIOC1'pO­

eH rrepBbIH rpacpHK, TO yqaIQHHCM cpa3y )Ke IIO,UXO,UHT K yqnTeJIIO. TipM 

rrpaBHJibHO BbIIIOJIHeHHOM rrepBOM 3a;ri;aHHlf B rrepsyro KJieTKY yqHTeJib 

cTaBHT «+», npn HerrpaBHJibHOM - «-». YqeHHK CTJ'OHT BTopoif rpacpHK 

lf CHOBa IIO)J;XO)J;HT K yqHTeJIIO HT. )];. y yqHTeJIM CBOH CITHCOK yqeHHKOB, 

B KOTOpblM 3aHOCHTCH pe3yJibTaT pa60TbI. Tiocrre 3aIIOJIHeHHH Ta6JIHU:bI 

cpa3y CTaHOBHTCJI JI CHO, KaKoe 3a,naHHe HY)l(HO pa36HpaTb y ,nocKH. Kpo­

Me Toro, Ka)l()J;bIH yqeHHK rronyqaer ou:eHKy. 
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l 6apua11m 

1. Tiocl'poll:re rpacpHKH cpyHKU:Hll:: 

1) y==lx 2 -4x+31; 2) y=x 2 -4!xl+3; 
3) y=\x 2 -41xl+3\; 4) y=x 2 +2x-~-(2_x_+-4)-2 • 

2. Tiocl'poll:re rpacpHK ypaBHeHHM I y I =I x 2 
- 4x + 31. 



l) 

3) 

Omeem. rpaqrnKH <PYHKUHH: 

y 2) 
y 1 , I 

y=/x -4x+3/ 
y=x2 -4/x/+3 

3 

0 3 x 

yl y==x' + 2x-~(2x+ 4)2 

y=[x' -4 /x/+ 31 

0 x 

rpa<i>HK ypaBHemrn:: 

y 

4) 

-2 
l)x>-2; y=x' -4 

2)x<-2; y=(x+ 2)2 

Puc. 13.1 

x 

Puc. 13.2 

y 

x 

x 
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2oapuanm 

1. IlOC'TpOihe rpaqmKH <i>YHKI(HH: 
1) y=l-x 2 +4x-31; 2) y=-x 2 +41xl-3; 

3) y=[-x 2 + 4 lx!-3 [; 4) y=x~(x +3) 2 +3x -3. 

2. Iloc'TpOHTe rpa<i>HK ypaBHemrn I y I =I- x 2 + 4x - 3 j. 

Omeem. fpa<l>HKH <l>YHKUHii: 
1) CM. pHC. 13.1(1). 
3) CM. pHC. 13.1(3). 

2) y 4) 

x 

2) 

Puc. 13.3 

fpa<i>HK ypaBHeHmI: 

Puc. 13.4 

y 

x 



14. ct>YHKL.J,V1V1, nPV1 noCTPOEHV1V1 rPAct>VIKOB 
KOTOPblX V1CnOnb3YETC51 PEWEHVIE HEPABEHCTB 

BTOPOlll CTEnEHV1 c OAHOlll nEPEMEHHOlll 

IIpnMep. IlocipoiiTe rpaqrnK <PYHKQHH y = Ix 2 
- 3x + 21 +I 5 - x 1-

x 2 -3x+2=0 x=l;x=2; 
5-x =0 x =5. 

Ifocne,n;oBaHHe noBe,n;eHIDI <PYHKQHH. 
l)x>5, y=(x-1) 2 -4; 
2)2<x<5,x<l, y=(x-2) 2 +3; 
3)1<x<2, y=-(x-1)2 +4. 

~x 1 2 + 5 -

Puc. 14.1 

IlOCipOeHHe rpa<PHKa. 
y 

21 

12 

01235 x 

Puc. 14.2 

14.1. 3a;:i:a1IH ua IIOCTpoeuHe rpacl>HKOB «l>YHKU:HH 

IlOClpOHTe rpa<l>HKH <PYHKQHH: 
x 4 -1 2 

1.y=lx
2

_

11
; 2.y=l3+2x-x l+3x-3; 

3. y=3x-~(x 2 -2x) 2 +8x 3
; 4. y=~(x 2 +3x) 2 -12x 3

; 

5. y=lx 2 -41-lx 2 -91. 
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15. CbYHKL.J,V1V1, 
nPvt nOCTPOEHVfllt rPACfJlltKOB KOTOPblX 

111cnonb3YKHC51 CBOll1CTBA APV1CbMETV14ECKoro 
KOPH51 n-oi:1 CTEnEHV1 

x 

Puc. 15.J 

IlpnMep. IIocT})oihe rpaqrnK <):>yttKu;1m 

y=~ -N. 
y=x-lxl 

l)x>O, y=O, 
2)x<O, y=2x. 

15.1. 3a)J,a'IH Ha DOCTpoeHHe rpa<l>HKOB <l>YHI\.'.IJ,HH 

IIocTpoihe rpa<):>HKH <):>yHKQHtt: 

1.y==Vx; 

2. y==~; 

3.y==\lx-1; 

6. y==if;i -1; 

7. y==l./7 +1; 

8. y==!ffx -2; 
2 

9. y==N -.rx4 -N; 4· y==\l~l- 2 \; 
5. y==~; 10. y==l-..Jx 2 -4x+4. 

16. KYC04HO-HEnPEPblBHblE CbYHKL.J,V1V1 

16.1. Onpe)J,eJieHHH H rpa<l>HKH 

'laCTO BCTpe'lalOlU,HXCH <l>YHKU,HH 

1) y=signx. 

{

}, eCJIH X > 0, 

sign x == 0, ecn11 x = 0, 

-1, ecJIH x< 0 (pHc.16.1). 



2) y= [x]. 

[x]= k, ecmrx = k +a, r,ll,e kE Z ttO<a <l 

(T. e. y paBeH HaH60JibIIIeMy IJ,eJIOMy qncny, He npeBOCXO,ll,5IllJ;eMy x) 
(pttc. 16.2). 

3)y={x}. 

{x} = x - [ x]. Ecnn x = k +a, r,ll,e k E Z H 0 <a < 1, TO {x} = a 

(pHC. 16.3). 

y 

0 x 

Puc. 16.1 

... ... 

y 

0 

... ... ... 
x 

Puc. 16.2 

16.2. IIpHMephI 

y 

Puc. 16.3 

IlpHMep 1. IIocTpoH:Te rpa<i>HK <l>YHKIJ,HH y = [ x 2 ]. 

IIpoBe,ll,eM npHMhie y= p, me pE{o}uN (pttc. 16.4). 0HH pa.3o-

6hJOT HCXO,ll,HhIH rpaqrnK Ha qacTH. PaccMoTpHM KmK,ll,YJO qacTh rpaqm­
Ka, Jie)l(aIIJ,yJO B nonyoTKphITOH nonoce, ,ll,1151 KOTopoH: p < y < p + l, 
H cnpoeKTHpyeM ee Ha np5IMYJO y = p. IIonyqnM orpe3KH, B Ka)l(,ll,OM 
H3 KOTOpbIX HCKJIJOqeHhI JIH6o JieBbie (npH x < 0), JIH6o npaBbie (npH 
x > 0) KOHIJ,hI. MHO)l(ecrno nonyqeHHhIX TaKHM o6pa.30M «OTKphIThIX» 
H <<ITOJIYOTKpbIThIX» 0Tpe3KOB 5IBJI5IeTC5I rpaqm- y 

KOM <l>YHKIJ,HH y= [x2
](pnc. 16.4). \ / 

IlpHMep 2. IIocrpoH:Te rpaqmK <l>YHKIJ,HH 
y= {x2}. 

3aMeTHM, qTO BCe TOqKH 3Toro rpa<l>HKa ne­
)l(aT BHYTPH nonocb1 0 < y < 1. IIpoBe,ll,eM np5I-

Mhie y= p, r,L1,e pE{o}uN. lfa ToqeK nepeceqe-

HH5I HCXO,ll,HOro rpa<i>HKa c 3THMH np5IMhIMH 

~ ~ 
~ ~ 

" I: ..,. ~ 

~ 1 .... 4 " /; 
0 

Puc. 16.4 

x 
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y 

0 1 

Puc. 16.5 

x 

rrpoBe,D,eM rreprreH,lJ,HKy1rnph1 K rrpHMoii Ox. IlpH­

Mhle y = ppa36HBaIOT HCXO,lJ,HblH rpaqmK Ha p5I,lJ, 

yqacTKOB. TaK KaK {p +a} = a H 0 < a < L TO 

)J;JI5I IlOCTPOeHH5I rpa<f>HKa <i>YHKIIHH y = {x 2
} 

HY)l<HO TY qacTb rpa<f>HKa, KOTopaH rrorra)J;aeT 

B IIOJIOCY p < y < p + 1, rrapanneJihHO rrepeHeCTH 

Hap e,D,HHJIII BHJI3, TY )l(e qacTb rpa<f>HKa, KOTO­

paH HaXO,lJ,HTC5I B IIOJIOCe 0 < y < 1, CJie,lJ,yeT OCTa­

BHTb 6e3 JI3MeHeHH5I. l1cKJIIOqlfB B Ka)l(,lJ,OH JI3 

3THX KpHBblX ToqKy, rrpHHa,lJ,Jie)l(alllyIO rrpHMOH y = 1, rronyqHM rpa<f>HK 

,lJ,aHHOH <f>yHKIIHH (pHC. 16.5). 

16.3. 3a)l:aqH Ha IlOCTpoeHHe rpa<}>HKOB 4>YHK~Hii 

IloCTPOHTe rpa<f>HKJI <i>YHKIIHM: 

1 { 
1 - x, - 6 < x < - 1, 

.y= 
x + 3, -1 < x < 6; 

{
l -6<x<-2 2<x<6 

2 ' ' ' .y= 
3, -2<x<2; 

{
x 2 +l, -3<x<2, 

3. y= 
l+x, 2<x< 4; 

{
4, x<2, 

4. y= 
x 2

, x >2; 

{

x, 
5. y= _1_, 

x+l 

6. y= {~' 
5-x, 

54 

x<O, 

x>O; 

-6<x<-1, 

-1 <x <6; 

{

x+l -6<x<2 
' ' 

7. y= 6 2~ 6· -, ""x<' 
x 

{

-x -6<x <3, 

8. y= -~9, 3<x<6; 

{

-2x-7, x<-2, 

9. y= -x 2 +1, -2 <_x < 2, 

2x-7, x >2, 

{

-0,8x - 5,6, - 7 < x < - 2, 

10. y = -0,5x 3 
- 2, -2 <x <2, 

-0,8x + 5,6, 2 < x < 7; 

-S<x<-3, 

{

x+4, 

11. y = -o,;x -0,5, - 3 < x < 1, 

-x, l<x<3; 

{

x +2, x<-1, 

12.y= Ix~, -l<x<l, 

x, x >I; 



-{2-~4-/xl, lxl< 4, 
13. y- ~ /x/ >4· 

\xi' ' 

14. y=signx; 

15. y=signx -3; 

16. y= [x1 

17.y={x}; 

18. y= {x} +signx; 

19. y=x + [x]; 

20. y=x + {x}; 

21. y=[x]+ {x}; 

22. y=[x]· {x}; 

23. y= {x}. 
[x]' 

24. y= {x} 2
; 

25. y=[x]2
; 

26.y=ffi}; 

27.y=-vfxJ; 

28. y=~{x}-1; 

30. y=[i} 
31. y=[x-l} 
32. y=[x 2 -1]; 

33. y=[lxl1 

34. y=[{xH 

x<-4, 

{

3, 

35. y= lx 2 -41xl+31, -4<x<4, 

3-(x-4)2
, x>4; 

36. y= )x 2 -6/xl +8), -6<x <5, 
{

8-(x+6)2
, x<-6, 

3, x>5; 

37. y={ illxl-ll-11, lxl< 2, 

~lx/-2, /xi ~2; 

38. y={~}; 
39. y={3x+l}; 

40. y= {x 2 -1}; 

41. y={lx-2/}; 

42. y={2\-3}; 

43. y=l{x}-H 

44.y=sign[x} 
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10 Knacc 

17. METOAbl nocTPOEHV151 rPAcPV1KOB cPYHl<UV1111 

Ilpeo6pa30BaH11e rpaqmKOB <l>YHKI(MH 

<l>yHKllllll IIpeo6pa3osaH11e rpacpllKa cpyHKllllll f (x) 

IIaparmeJibHhiil rrepeHoc B.D;OJih ocll Oy 
y = f(x)+ b Ha b e.D;nHuu; ssepx, ecnu b > O; 

Ha I b I e.D;UHllll BHll3, ecn11 b < 0. 
(pile. 17.1) 

IIapanneJihHhlil rrepeHoc B.D;OJih ocu Ox 
y = f(x+ a) Ha a e.D;HHIIU srrpaso, ecm1 a < O; 

Ha a e).lllHIIll BJieBO, eCJill a > 0. 
(pllC. 17 .2) 

Y = kf(x) 
PacTlllKeHIIe B.D;OJih oc11 Oy oTHOCllTeJihHO oc11 Ox B k pa3, ecn11 k > l; 

1 
k >0 cJKaT11e B - pa3, eCJill 0< k< 1. 

k (puc. 17.3) 

y = f(kx) 
ClKaT11e B):IOJih oc11 Ox 0Tuoc11TeJibHO OCll Oy B k pa3, ecJIII k > l; 

1 
k >0 paCTlllKeHiie B - pa3, eCJill 0 < k < 1. 

(pllC. 17.4) k 

y= -f(x) 
CIIMMeTpll'rnoe OTPaJKem1e rpacpmrn OTHOCllTeJihHO ocll Ox. 

(pile. 17 .5) 

qaCTb rpa<jlllKa, pacrroJIOlKeHHaJI HHlKe ocu Ox, CHMMeTpll'!HO 

Y = IJCx)I 
OTPalKaeTCH OTHOCllTeJibHO 3TOH OCII, OCTaJibHall ero '-laCTb OCTaeTCll 

6e3 II3MeHeHIIll. 

(puc. 17.6) 

y = f(-x) 
CIIMMeTPII'-IHOe OTpalKeHIIC rpacpIIKa OTHOCIITeJibHO OCll Oy. 

(p11c. 17. 7) 

1laCTb rpa<j.JllKa, pacnOJIOlKeHHall B o6JiaCTll x;;. 0, OCTaeTCll 6e3 ll3Me-

y=f(lxl) 
HeHIIll, a ero qaCTb .ll;Jlll o6JiaCTII x < 0 3aMeHReTCll CIIMMeTPII'-IHhIM 

OT06palKeHIIeM OTHOCIITe.TibHO OCII Oy qaCTII rpacpIIKa ,!IJIH x ;;. 0. 

(puc. 17.8) 
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a y 

y=f(x) 

x 

0 x 

Puc. 17.1 

a y Y=:_f(x) 
f\ 
I \ 
I \ 
I \ 
I \ 
I \ 
I \ 

x I 
I a 
I 
I 

6 y 

y=f(x) 

x 

Puc. 17.2 

5 <DyHKIUHf M rpacjmKH B 8-11 KIL 

y 

0 ............... I 
................. , 

y 

Y = f(x + a), a < 0 

y 

y=f(x) 

" I\ 
I \ 

' 
\ 

\ 
\ 

\ 

x 

x 

x 

x 
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a y 

a y 

6 
y 
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x 

x 

Puc. 17.3 

x 

x 

Puc. 17.4 

I 
y=f(x)/ 

y 

y 

y 



y 

x 

Puc. 17.5 

y 

x 

Puc. 17.6 

y 

x 

Puc. 17.7 

y 

x 

Y=f(x) 

Puc. 17.8 

,/ 
y=f(x) 

y 

y 

y 

0 

y 

x 

x 

x 

x 
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PaccMoipeHHhle BhIIIIe reoMeipMqecKIIe npeo6pa3oBaHII5I rpaqm­
KOB cpyHKU:IIH MoryT IICIIOJih30BaTbC5I B pa3JIIIqHhIX KOM6IIHaU:II5IX. TaK, 

IIOCTpOeHIIe rpaqmKOB <PYHKU:HH BH,n:a y == Af ( kx + a) + b no rpa<lJHKY 
cpyHKU:IIII y = f (x) MO)J(eT 6bnh rrpoBe,n:euo no cne,n:yiorn:eii cxeMe: 

f (x) ~ f (kx) ~ Af (kx) ~ Af (kx) + b ~ Af( k( x + ~)) + b. 

Mo)J(eT 6hITh wcrroJih30BaHa M .n:pyra51 cxeMa: 

f(x) ~ Af(x)-~ Af(kx) ~ Af( k( x +~) )~ Af( k( x +: ))+ b. 

Bo w16e)J(aHIIe onm6oK o6pall!aeM BHHMaHIIe Ha TO, qTo ,n:mrna OT­
pe3Ka, Ha KOTopyio rrpOI13BO.IJ:IITC5I rrapanJieJihHhIH rrepeHOC rpa<l>IIKa 

B.IJ:OJih ocII Ox ( T. e. BeJIIIqHHa l~I ), orrpe,n:en5IeTC5I TOH KOHCTaHToii, KOTO-

pM rrpII6aBJI5IeTC5I K apryMeHry x, a He K Bbipa)J(CHHIO kx; HMeHHO II03TO­

MY Bhrpa)J(eH11e kx + a CHaqaJJa rrpIIBO.IJ:HTC5I K BII.n:y k( x + ~) 

18. TPv1rOHOMETPll111ECK111E ctlYHKL.1,111111 

18.1. IlpHMephI llOCTpoeHHH rpacl>HKOB 

TpHroHOMeTpHqecKHX cl>YHKllHH 

IIpnMep 1. IlocipoiiTe rpa<l>uK <l>YHKU:IIII y = ~sin 2x -
3J3 cos 2x. 

4 4 
3 . 3,fj 

1. BhrnOJIHIIM rrpeo6pa3oBamui: y = - sm 2x - -- cos 2x = 
4 4 

3 [ 1 . 2 Jj 2x) 3 ( 1t . 2 . 1t 2 ) = l l sm x - 2-cos = 2" l cos 3" · sm x - sm 3" ·cos x = 

= ~sin(2x-~)=~sin2(x-~} 
2. IlOClpOllM rpa<l>IIK <l>YHKU:llll y =~sin 2( x - 2': ): 

2 \ 6 
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y 

Puc. 18.l 

IlpHMep 2. IlOCTJ>OHTe rpa<jHIK lPYHKIJ,IIII 

y = ~ sin 2(x - ~ ) 

x 

3 . 2 y= 2 sm x 

y = sin2x 
y = sinx 

y =cos2x - .J1 - sin2x · (sinx + cosx). 

Ilocne yrrpom;eHIIH rronyqaeM: 
y=cos2x -lcosx -sinxl·(sinx +cosx) 

/ 
I 

Puc. 18.2 

( 
1t 5n ) 1) EcmIX E "4 +2nk; 4 +2nk , k EZ, TO y=2cos2x. 

, [5n 9n ] 2) EcnII x E 4 + 2nk; -4 + 2nk , k EZ, TO y=O. 

y 

2 

0 
-1 

-2 

\ 3n I 2n 
\ - I 
\ 2 I 
'...,,/ 

Puc.18.3 

x 
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18.2. 3a.!J;a'IH Ha IIOCTpoeHHe rpacl>HKOB 

TpHrOHOMeTpH'leCKHX «l>YHK~HH 

IlOC'I}JOihe rpaqmKll cpyHKIJ;llH: 

1. y=sinx +1; 

3. y=sin(x-~} 

5. y=3sinx; 

9. y=cos2x; 

11. y =cos ( 2x - ~} 

13. y=-lcos( x - ~} 
1 

15. y=tg-x; 
2 

17. y = tg( 2x + ~) 

19. y=2tg(-2x + 
2

3
1t) 

21. y=ctgx +2; 

23. y=ctg( x +~) 

25. y=2ctg(~-~)+3; 
27. y=x·sinx; 
29. y=sinx +cosx; 
31. y = sin 4 x - cos 4 x; 

2 
. 1 

. y=sm-x; 
3 

4. y=sin(~x -~) 

6. y=-lsin(~+x} 
8. y=cosx -2; 

10. y=cos( x +~) 
3 

12. y=-cosx; 
2 

14. y=3cos(lx-n)+2; 

1t 
16.y=tgx+-; 

3 
1 

18. y=-tgx; 
3 

20. y=ltg(lx - 1~)+1; 
22. y = ctg 3x; 

24. y=3ctgx; 

26. y=x +sinx; 

28. y=x -cosx; 
30 . 2 2 . y=sm x +cos x; 

32. y= tgx ·ctgx ·sinx; 



33. y=ctg~ ·sinx; 
2 

35. y= tgx ; 
1 + tg 2x 

34. y=tg~·sinx; 
2 

36. y=sin 2 x-cos 2 x; 

37. y = 3cos 2 x + 2.J3 sinx ·cosx +sin 2 
x; 

38. y=[sinx[; 

40. y=sin[x+l[; 

42. y=lsinlill; 

44. y= .J2 (sin[x[-cosx); 
2 

46. y=tg[x-1[; 

48. y=.Jl-cos 2 x +sinx; 

50 = sinx . . y , 
.JI-cos 2 x 

52 
_ 2 [sinx[. 

. y-x --.-, 
smx 

54. y=sinx · [cosx!; 

56 
cosx 

.y=--; 
[sin xi 

58. y= tgx + tg!x[; 

39. y=sin[x[; 

41. y=sin\i\; 

43. y=lsin(x - ~}ii; 

45. y=\cosx -l\; 
47. y=ltg[x[+21; 

49. y=.Jl-sin 2 x +cosx; 

51. y= (x -2) s~nx; 
[smx[ 

53. y=[cosx[+cosx; 

55. y= sin2x; 
[sinx[ 

57. y=[sinx[ +x; 

59. y= [xi+ [sin xi -cosx; 

60
. y= 1 +sinx ·[sin xi+ [cos xi ·cos xi; 

2 

61. y=x2 !s~nx[ + 3 [cosx[ _ 2; 
smx cosx 

62. y=sinx.Jcos 2 x +cosx.Jsin 2 
x; 

63. y=.Jl-cos 2 x +.JI-sin 2 x; 
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64. y= cosx _ + sinx; 

~l + tg 2x I sin xi 

66 = I cos x I + I sin x I + 1. . y , 
I cos xi+ I sin xi 

68. y= {cosx}; 

70. y=[2sinx]; 

72. y=2arccos(1- ~x J-1; 

74. y=~arctg(~-lJ-~; 
76. y= I arctgx + 11; 

78. y =sin ( arccos x ); 

80. y =cos ( arcsin x ); 

82. y=ctg(arctgx); 

84. y = arcsin (sin x ); 

86. y=arctg(tgx); 

88. y= arccos(sinx); 

90. y =sin (6 arccos x ). 

65 = cos x + I cos x I. 
. y . I. 1' smx + smx 

67. y= {sinx}; 

69. y = [2cosx1 

71. y = -~ arcsin(2x -1) + 1; 2 -

73. y=3arctg(3x-~ J+l; 

75. y= arctglxl; 

77. y = I arcsin Ix I -11; 

79. y=)arccoslxl--~I; 
81. y = tg (arcctgx); 

83. y=sin(arcsinx); 

85. y =cos (2 arccos x ); 

87. y=arccos(cosx); 

89. y =cos (2 arc sin x ); 

18.3. MaTeMaTHqec1rne /J:HKTaHThI 

/(u«manm 1 

1 eapum1m 

Ha pIICYHKe tt3o6pa)KeH rpa<i>IIK <l>YHKQIIII y =sin x (pIIc. 18.2). 
IlOJib3Y.SICh rpa<l>HKOM, HaH)l;IITe: 
1) 0).l;HH M3 npoMe)KyTKOB B03pacraHmI II O)lHH II3 I1pOMe)KyTKOB 

y6hrnamrn '.)TOH <i>YHKQMM. 
2) Koop)l;MHaTbI rpex ToqeK, KOTOphle COOTBeTCTBYIOT 3KCrpeMaJib­

HbIM 3HaqeHH~M. 
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3) 0)],HH H3 rrpoMe)l(yrKOB 3HaKOIIOCTOHHCTBa. 

4) IlpoMe)l(yTOK 3HaqeHHH <i>YHKIJ;HH y, eCJIH -~ < x < ~-
6 6 

5) Te 3HaqeHIDIX H3 rrpoMe)l(yTKa [n:; 2n:], JJ,JI» KOTopnixsinx = -L 
2 

6) Te 3HaqeHIDI x H3 rrpoMe)l(yrKa [O; n:], )],JI» KOTOpDix BbIIIOJIH»eT-

. fj 
CR HepaBeHCTBO sm x < -. 

2 
7) TaKHe 3HaqeHH» a, rrpu KOTopnIX rrp»Ma» y= a HMeeT c rpa<PH­

KOM o6IIJ;He ToqKH. 

2 eapuanm 

Ha pucyHKe H3o6pa)l(eH rpaqrnK <PYHKIJ;HH y=cosx (pHc. 18.2). 
Tpe6yeTCH OTBeTHTb Ha Bee BOIIpOCbl 3a;:i:aHHH rrepBoro BapttaHTa. 

/(uKma11m 2 

1 eapuanm 

IlOCTPOHTe cxeMaTJiqHo rpacpHKH cpyHKIJ;HH: 

1) y=sinx Ha rrpoMe)l(yrKe [-180°; -90°]; 

2) y = tgx Ha npoMe)l(yTKe [ ~; ~ J 
3) y =I sin xi Ha npoMe)l(yTKe [O; 2n:]; 

4) y = l cos x Ha rrpoMe)l(yrKe [ O; ~} 

5) y =-I cos xi Ha rrpoMe)l(yTKe [-~; 0 J 
2 eapuanm 

IlOCTPOHTe cxeMaTH'lHO rpacpHKH cpyHKIJ;HH: 

1) y =cos x Ha npoMe)l(yTKe [ --90°; 90°]; 

2) y = ctg x Ha rrpoMe)l(yTKe [ O; ~} 
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3) y=lcosxl Ha rrpoMe)KyTKe [-n; O]; 

4) y=2sinx ua rrpoMe)KyTKe [o; ~l 

5) y = - I sin x I Ha rrpoMe)KyTKe [ O; ~ J 

18.4. CaMOCTOBTeJILHaB pa6oTa no TeMe 

«IlOCTpoeHHe rpafl>HKOB TpHroHOMeTpH-ieCKHX fl>YHKQHH» 

1 Bapuanm 

1) Haii)J,HTe o6naCTb orrpe)J,eJieHHH cjJyHKQHH y = -
1
-. 

cos2x 

2) IlOClpOHTe rpacjJHK cPYHKQHH y =~sin x -1 H HaH)J,HTe o6JiaCTh 
3 

ee 3HaqeHttii. 
3) 11ccJie)J.yiiTe Ha qeTHOCTh H HeqeTHOCTh cjJyHKQHIO y =sin Ix I. 

4) IlOClpOHTe rpacjJHK cPYHKQHH y = 4 cos ( x + ~) ll yKa)KHTe TQqKH 

3KClpeMyMa. 
5) IlOClpOHTe rpacjJHKH cPYHKQHH: 

sinx 
a) y= ; 6) y=lcosxl-cosx; B) y=cos 2 x. 

-J1-cos 2 x 

2 oapuanm 

1) Haii)J,HTe o6nacTb orrpe)J,eJieHHH cjJyHKQHH y = -.-
1
-. 

2sm3x 

2) IlOClpOHTe rpacjJHK cPYHKQHH y =~cos x + 1 H HaH,D;HTe o6JiaCTh 
5 

ee 3HaqeHHii. 
3) 11ccJie)J.yiiTe Ha qeTHOCTh H HeqeTHOCTh cjJyHKU:HIO y =cos Ix I. 
4) IlocTpOHTe rpacjJHK cPYHKQHH y = 2 sin ( x - ~) ll yKa)KHTe TOqKH 

3KClpeMyMa. 
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5) IlOC'I'pOihe rpa<t>HKH <l>YHKQHH: 

) cos x 6) I . I . a y= ; y= smx -smx; 
.J1-sin

2 x 
) 

• 2 
B y=sm x . 

18.5. CaMocToHTeJihHaH paooTa Ha 6 BapHaHToB, 

pa3JIH~IHhlX no ypoBHIO CJIO~HOCTH 

llpuMep 6apuauma 

IlocTpOHTe rpa<t>HK <l>YHKQHH y = !ctg (~ -2:) + 1 c IIOMOIQblO 
5 2 4 

reoMeTpHqeCKHX rrpeo6pa30BaHHH H rrpoBe~HTe HCCJie~oBaHHe <l>YHK­

QHH no cxeMe: 

a) o6nacTb orrpe~eneHm1; 

6) qeTHOCTb - HeqeTHOCTh; rrepHO~HqHOCTh; 

B) TOqKH rrepeceqeHJUI c OCRMH KOOp~HHaT; 

r) rrpoMe)l{YTKH 3HaKOIIOCTO}IHCTBa; 

~) rrpoMe)l{yTKH B03paCTaHH}I H y6hIBaHH}I; 

e) TOqKH 3KC'I'peMyMa H 3HaqeHH}I <l>YHKQHH B 3THX ToqKax. 

19. ~ETHblE VI HE~ETHblE cp YHKLJ,111111 

19.1. 3a,!J,a'IH Ha IIOCTpOeHHe rpacl>HKOB 

1. Ha pHc. 19 .1 H3o6pa)l{eHhI rpa<i>HKH HeKoTophIX <l>YHKQHH. ,nocT­

poliTe HX, ecJIH MO)l{HO, ~o rpa<t>HKOB: 1) qeTHhIX; 2) HeqeTHbIX <l>YHK­

QHH, 3a~aHHhIX Ha rrpoMe)l{yTKe [ -1; 1]. 

Puc. 19.1 
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2. ~OC'IpOiiTe rpaqmKH <i>YHKIJ,HH, H3o6pa)KeHHbIX Ha pHCyttKe 19.2, 

,no rpaqmKOB BCIOLIY onpe,neneHHhIX, HenpephIBHhIX Ha IR H 1) qeTHhIX 

cpyHKIJ,Hii; 2) HeqeTHbIX tPYHKIJ,HH. 

Puc. 19.2 

B KaKHX cnyqa51x 3TO HeB03MO)KHO? B KaKIIX cnyqa51x 3TO MO)KHO 

c,nenaTb HeCKOJihKIIMH cnoco6aMn? 

3. lfaBeCTHO, qrn cpyHKIJ,H51 f (x) BCIOLIY onpe,neneHa, qeTHa, nepwo­

,n:MqHa c rrepuo,n:oM T = 4. BoccrnHOBMTe ee rpacpttK no yqacTKy, M30-

6pa)KeHHOMY Ha pncyHKax 19.3. B KaKHX cnyqa51x 3Toro cn;enaTb HeJib-

351? B KaKHX cnyqa51x 3TO MO)KHO cn;enaTh, Ho Heo,n:tto3HaqHo? 

y y 

2 ---- 2 --------
1 1 

0 1 2 x 0 1 2 3 x 0 2 3 x 

a 6 B 

Puc. 19.3 

19.2. TeopeTnqecKnii 1aqeT 

~OKa)KHTe (1 - 8): 

y 

Q 1234X 

1. a) rpa<i>HK qenmii cpyHKIJ,HH Ha KOOp,nttHaTHOH IIJIOCKOCTH Oxy 
CHMMe'IpwqeH OTHOCHTeJibHO OCII op,nIIHaT. 

6) ECJIII rpaqmK tPYHKIJ,IIII f (x) CIIMMe'IpHqeH OTHOCIITeJibHO OCII 

Opll;IIHaT, TO cpyHKIJ,H5I .f (x) qeTHM. 

2.a) rpa<i>IIK HeqeTHOH cpyHKIJ,HH Ha KOOp,!:lHHaTHOH ITJIOCKOCTH 

Oxy CHMMe'IpHqeH OTHOCHTCJihHO tta'la.rra Koop,n:ttHaT. 

6) Ecnn rpacpHK <i>YHKIJ,HH f (x) CHMMeTp11qeH OTHOCHTeJibHO Ha­

qaJia KoopmrnaT 0, TO tPYHKIJ,JUI f (x) HeqeTHa5I. 
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3. CyMMa, pa3HOCTb H npoH3Be)],eHne )],Byx qeTHbIX <jJyHKUHM 

TfflKC HBJI.SUOTC51 qeTHbIMH <jJyHKl(IUIMH. 

4. CyMMa n pa3Hocn .UBYX neqeTHbIX <PYHKUHM, a TaIOKe npoII3Be­

.n;eHHe HeqeTHOM <PYHKl(HH Ha qHCJIO HBJIHIOTCH HeqeTHhIMH <PYHKl(HHMH. 

5. IlpOH3Be,n:em1.e )l;BYX HeqeTHhIX <PYHKl(HM eCTh tPYHKl(HH qeTHaH 

Ha HX o6rn;eii 06nacn1 onpe,n:eJieHIDI. 

6. IlpOH3Be,n:emi:e qeTHOll <PYHKl(HH Ha HeqeTHyIO eCTh tPYHKD;H51 

HeqeTHaH Ha HX 061.l(eii o6JiaCTH onpe)J,eJieHHH. 

7. JI106y10 <PYHKl(HIO c CHMMeTPHqHoii o6naCThIO onpe.ueneHHH 

MO)l(HO npeD,cTaBHTh B BH)],e cyMMhI qeTnoii H tteqeTHoii cpyHKUHii. Ta­

Koe npe)],cTaBJieHHe eµHHCTBeHHO. 

8. Ecnn HeKOTOpnIH MHoro11neH HBJIHeTcH: 

a) qeTHOii tPYHKl(Heii, TO OH cop,ep)l(HT O)l;H01lJieHhl JIHil.Ih c qeT­

HbIMH CTeneHHMH x; 
6) HeqeTHOll tPYHKl(Heii, TO OH co.a;ep:>I<HT MHOroqJieHbl c HeqeT­

HbIMH CTeneH51MH x. 
9. IlpHBe,UHTe npHMep Q:>ylIKl(Hii, KOTOpnie HBAAIOTCH O)l;HOBpe­

MeHHO qeTHbIMH H HeqeTHhIMH. 

10. KaKoe 3Haqettne MO)l(eT npHHHMaTh HeqeTHaH tPYHKUHH B ToqKe 

x=CJ! 
11. Cyrn:ecrnyIOT JIM Bc10.n;y onpe)J;enenHbie <PYHKUIIH, HBJIHIOrn;IIe-

CH O)],HOBpeMeHHO: 

a) qeTHI>IMH II B03pacrn10rn;11MH Ha IR; 

6) HelfeTHI>IMH n y6MBaIOl.l(HMII Ha IR; 

B) HelfCTHbIMH H IIOJIO)l(HTeJihHbIMH Ha JR? 

12. Mo)l(eT JIH lfCTHaH (HelfeTHa.51) tPYHKUHH HMeTh B TOlfHOCTH: 

1) O,Utty; 2) )],Be; 3) TpH TO'IKH 3KCTpeMyMa? 

13. MmKeT JIH lfeTHaH cpyHKIIHH HMeTh o6paTHYIO <PYHKUHIO? 

14. Bcer.ua nH HeqeTHaH tPYHKQIDI HMeeT o6paTHYIO <PYHKI.~HIO? 

15. HaiiLJ,HTe Bee lfeTHbie n Bee HelfeTHhie <PYHKUIIH cpe,D,n: 

a) mrneiiHbIX <Pym:unii f (x) =:ax+ b; 6) KBaD,paTHlfHbIX cpyHKUllii 

f(x) = ax 2 +bx+ c; B) <PYHKUHii BHP,af(x) = acosx + bsinx. 

16. f (x) - npoH3BOJII>HaH <PYHKUHH, 3a)J,aHHaH Ha CHMMeTPIIlf­

HOM MHO)l(eCTBe. qTO MO)l(HO yTBep)l()J,aTh 0 lfeTHOCTII H HeqeTHOCTII 

<PYHKUHH: a) y= f(x) + f(-x); 6) y= f(x)- f(-x); B) y= f()xi); 
r)y=f(x 2 )? 
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17. <l>yHKIJ,IUI y= f(x) - qeTHm1 (HeqeTHaH). KaKOBhI <l>YHK11,m1: 

y=-f(x); y= f(-x); y= f(x) + b; y= kf(x); y= f(kx); y= f 2 (x); 
1 

y=lf(x)I; y= f(x)? 

20. HY n111 111 1113MEHEHl-151 3HAKA. HEnPEPblBHOCTb. 
ACl-1MnTOTbl 

Teem 

1. ,[(nH Ka:/K.n;oro H3 rpa<l>HKOB, H306paJKeHHhIX Ha pttcyHKax 
20.1 - 20.3, CKOHC'Ipyttpyihe <t>opMyny, 3a.n;aro111,yro rpa<l>ttK. 

y 

0 

a 

a 

\_ 
:1 x 

I 
I 
I 
I 

1t : 

y 

0 

y 

--=- 2-;-' --'------+ 
I 
I 
I 

' 

a 

~ 
01234 x /\ - '' 

I\_ 
:2 

6 

6 

Puc. 20.J 

y 

x 0 

Puc. 20.2 

Puc. 20.3 

6 

l{x 
I 

6 2 

y 1t 

-------------- ::r----------

x 
1t -------------- =· 2--------· 

6 

2. ~H KaJK.n;oro H3 rpa<l>HKOB, mo6paJKeHHhIX Ha pttcyHKe 20.4, 
rro.n;6epttTe B CIIHCKe <t>opMyn 1- 22 Ty, KOTOPM 3a.n;aeT '.HOT rpa<l>HK. 
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1. y=(x-2)(x+l) 2
; 

2. y = x(x 2 
- l)(x -1); 

3. y=(x-2) 2 (x+l); 

4. y=(x+l) 2 (2-x); 

5. y=x(x 2 -l)(x +1); 

7. y = x3(x 2 
- l)(x + 1); 

8. y=(x 2 -1) 3
; 

10. y=(x 2 -1) 2
; 

x 2 -x 
11. y=-2 -; 

x -4 

12.y=l+x+x\ 
l+x 2 

l3.y=l-x+x
2

; 

1 +x 2 

14. y= 1 +x +2x
2

; 

l+x 2 

15 
2 +x 2 

y- . 
. -l+x2 ' 

16 
2+x4 

y- . 
. -l+x2 ' 

17 
2+x 2 

y- . 
. -l+x4 ' 

l-x 2 

18 y=--· 
• 2 ' x -4 

x 4 -1 
19 y=--· 

• 2 ' x -4 
x 2 -1 

20 y=--· 
• 4 ' 

x -4 
x 2 -1 

21 y= . 
• 2 ' x(4-x) 

22 
= (x 2 

- l)(x -1). 
. y 2 ' 

x(4-x ) 
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21. B03P A CT AHV1E V1 Y6blBAHV1E Cb YHKL.J,vtlll. 
3KCTPEMY Mbl ct>YHKL.J,V1111 

21.1. 3aJJ,a~H Ha HCCJie;J:OBaHHe tl>YHKU,HH 

1. YKa>KnTe rrpoMe)KyTKH B03pacrnmrn n y6hrnaHHH <PYHKl(HH, rpa­
QlHKH KOTOphIX mo6pa)KeHhI Ha pncyHKe 21.1. 

y 

_L_ 
-IO l 2 3 4 x 

a I 6 

Puc. 21.1 

2. H3Becrno, qrn cpyHKl(HH f (x) y6hrnaeT Ha rrpoMe)KyTKax: a) [O; 1) 
n [ 1; 2); 6) [O; 1] n [ 1; 2). Mo)KHO nn yrnep)K)J,aTh, qrn Q.lyHKl(HH f (x) 
y6hrnaeT: 

1) Ha 06'he)J,nHeHHll 3THX rrpoMe)KyTKOB - Ha IIOJIYHHTep­
BaJie [O; 2)? 

2) Ha rrpoMe)KyTKe [ O; ~} 
3. HapHcyiiTe rpaQ.lnK Q>yHKl(HH f (x) TaK, qrn6hI OHa: 

1) y6hrnana Ha rrpoMe)KyTKax (--oo; -2] n [1; 4] n B03pacrn­

Jia Ha rrpoMe)KyTKax (-2; I] n [4; +oo); 
2) HMeJia 6b1 6eCKOHeqHoe qJiCJIO npoMe)KYTKOB B03pacTa­

HHJ! ll y6hIBaHHJ!. 
4. HapncyiiTe rpaqmK BCIO/J,Y orrpe)J,eJieHHOM ll BCIO)J,Y HerrpephIB­

HOM Q>yttKIJ,HH TaK, qT06hI y Hee 6hmo ponHo: a) O; 6) 1; n) 2; r) 3; ;ii;) 10; 
e) 6ec1rnHeqHo MHoro rnqeK 3KCT{JeMyMa. 

5. HapncyiiTe rpaQ>HK BCIO/J,Y orrpe)J,eJieHHOM ll BCIO/J,Y HerrpephIB­
HOM QlYHKl(HH TaK, qTo6hI Ha 0Tpe3Ke [O; 1] OHa HMeJia 6ecKOHeqHo MHO­
ro ToqeK 3KCTpeMyMa. 

6. HapncyiiTe rpaQ>nK tPYHKl(HH, KOTOpaH orrpe1J,eneHa H Herrpephrn­
Ha Ha OTpe3Ke [0; 1] H HMeeT 6ecKOHeqHo MHOro 3KC1peMyMOB Ha 3TOM 
oTpe3Re. 
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7. Ll,mr <l>YHKIJ,HH, rpa<lJHKH KOTOphIX mo6pa)l(eHhl Ha pHCYHKe 21.2, 
yKa)[(HTe BCe TOqKH MaKCHMyMa H MHHHMyMa, eCJIH OHH eCTh. 

a y 

x x 

x 

Puc. 21.2 

21.2. TeopeTH'leCKHii Ja'leT 

x 

¥
1y 

-1 
01234x 

1. KaKOBa reoMerpHqecKM HHTepnpernum1 MOHOTOHHOCTH <l>YHK­

IJ,HH? 

2. 3arrnnrnTe ycnoBHe, KOTopoMy y)J.oBJieTBopHeT mo6aH <l>YHKUllil 

f (x ), He HBJIHIOIIJ,aHCH CTporo B03paCTaIOIIJ,eH Ha MHO)l(eCTBe X? 
3. Benn <lJYHKl~HH orrpe)J,eJieHa Ha Bceil: qJICJIOBOH rrp.si:Moli H rrpHHH­

MaeT TOJlhKO KOHeqHoe MHO)[(eCTBO pa3JIHqHhIX 3HaqeHHH, TO MO)KeT JIM 

OHa 6bITh MOHOTOHHOH Ha Been qncJIOBOH OCH? Crporo MOHOTOHHO"tt? 

4. Ll,oKa)KttTe, qTQ BC.SIKaH crporo MOHOTOHHaH tPYHKUH.SI HMeeT 06-

paTHyIO, npJiqeM, IIOCJie)J,H.Sl.Sl B03pacTaeT (y6h1BaeT), ecJIH B3.SlTa.Sl <l>YHK­

UH.Sl - B03pacTaIOru,a.si: (y6brna10ru,a.si:). 

5. Mo)[(eT JIM IIMeTh o6paTHYIO <l>YHKIJ,HIO MOHOTOHHa.SI, HO He crpo­

ro MOHOTOHHa.si:? 

6. <l>yHKIJ,llil f (x) BCIO)J,Y onpe)J,eJieHa H y6hrnaeT Ha BCeH 'IHCJIOBOH 

OCH. Mo)[(eT Jill npH 3TOM <l>YHKUH.SI f (x) 6hITh: a) BCIO)J,Y ITOJIO)[(HTeJih­

HOH; 6) BCIO)J.Y orpnuaTeJihHoil:; B) qernoil:; r) Heqernoil:; /J,) neptto)J,M'le­

cKoiI? 

7. <l>ynKIJ,HHftt g B03pacTaIOT Ha MHO)l(eCTBe X, a <pH \If y6hrnaIOT 

Ha MHO)l(eCTBe x. 1.JTO MO)l(HO YTBep)l()J,aTh OTHOCI1TeJihHO MOHOTOHHO-
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CTH cpyHKIJ,Hii: a)-f; -<p; 6)/ ± g; <p ± \jl;f + <p; B) a ·f; a :;t:O; r)f- g; <p. \jl; 

!- <p? ECJIH HeJib351 yTBep)l()J,aTb MOHOTOHHOCTb B o6ru;eM cnyqae, TO rrpH 

KaKwx ,lJ,OIIOJIHHTeJihHhIX ycnoBHHX MO)l(HO? 

8. <l>yHKIJ,HH f (x) HBAAeTCH B03paCTaIOIIIeii (y6hrnaroru;eii) Ha Bceii 

o6nacTH orrpe,l1,eJieHHH. KaKHe H3 cpyHKIJ.HH y= kf(x -a)+ b;y = f(kx); 

Y = f (-x ); y =If (x )I; y = f Cl x I) 6y,lJ,yT: a) MOHOTOHHhIMH rrpw nro6oM 

BbI6ope cpyHKIJ,HH f (x); 6) HeMOHOTOHHbIMH rrpH JII060M BbI6ope cpyHK­

IJ,HH f (x); B) MOHOTOHHbIMH rrpH 0)1,HHX f (x) H HeMOHOTOHHblMH rrpH 

,l1,pymx? 

9. Mo)l(eT JIH cpyHKIJ.HH, orrpe,l1,eneHHaH Ha orpe3Ke, He HMeTb Ha 

3TOM orpe3Ke HH MaKCHMyMa, HH MHHHMyMa? lIMeTb 6onee 0)1,HOro 

MaKCHMyMa? 

10. Mo)l(eT JIH MHHHMYM cpyHKU.HH rrpeBocxo)J,HTh ee MaKCHMyM? 

11. Mo)l(eT JIH HMeTb 3KCrpeMyMhl MOHOTOHHaH cpyHKIJ,HH? 

12. Mo)l(eT JIH HMeTb TOJihKO O,lJ,HH 3KcrpeMyM nepHO)J,HqecKaH 

cpyHKIJ,HH? 

13. ToqKa x0 HBJIHeTCH rnqKoii MaKCHMyMa qeTHOii (HeqeTHoii) 

cpyHKIJ,HH. 51BJIHeTCH JIH TOqKa -Xo TOqKoH 3KCTpeMyMa? 

14. Mo)l(eT JIH HeqeTHaH cpyHKIJ.HH, 3a,l],aHHaH Ha [-a; a], HMeTb 3KC­

rpeMyM B ToqKe x = O? 
15. Mo)l(eT JIH MHoroqneH rpeTheii cTerreHH HMeTb: 1) TPH 3Kcrpe­

MyMa; 2) )],Ba 3KCrpeMyMa; 3) )],Ba MaKCHMyMa (MHHHMyMa)? 

max min max min min 

x, x, x, 

Puc. 21.3 Puc. 21.4 

16. CyIIIeCTByeT JIH BCIO,lJ,Y orrpe,lJ,eJieHHaH H HerrpephIBHaH cpyHK­

IJ.HH, y KOTopoii: a) 6bIJIO 6hI pOBHO )],Be ToqKH MaKCHMyMaxl HX3 H poB­

HO 0)1,Ha TOqKa MHHHMyMa, pacrrOJIO)l(eHHbie, KaK Ha pwc. 21.3? 6) 6bIJIO 

6hI pOBHO )],Be TQqKH MHHHMyMa x 1 H X2 (pwc.21.4) H He 6hmo 6hI 6oJibille 

HH 0)1,HOH ToqKH 3KCrpeMyMa (HH MaKCHMyMa, HH MHHHMyMa)? 

17. Mo)l(eT JIH <PYHKIJ.HH, HMeIOIIJ,aH 3KcrpeMyM, HMeTh o6paTHYIO 

cpyHKIJ,HIO? 
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22. BblnYKnOCTb V1 BOrHYTOCTb CbYHKL.J,V1111 

22.1. 3a,!J,aqu Ha ,!J,OKa3aTeJihCTBO 

BhIIlYK.JJOCTH - BOrHyTOCTH f)>yHKUHH 

,ll,0Ka:11nne cne,ZJ,yiom,ne yTBep:lK,ZJ,eHmr: 
1. <flyHKIJ;:rrn f (x) = ax 2 + bx + c si,myKJia rrpH a< 0 n sorHyra rrpn 

a>O. 
k 

2. <l>yHKQHH f(x) =- BolIIyKrra Ha (O; +oo) n sornyra Ha (-oo; 0) 
x 

(k< 0). 

3. cflyHKWUI f (x) =COSX BbirryKJia Ha 0Tpe3Kax [-~ + 2k1l; ~ + 2kn:] 

n sornyra Ha OTpe3Kax [ ~ + 2k1l; 
3

2
7t + 2kn: J r,ZJ,e k E Z. 

4. <flyHKQHH f (x) = tgx BOrHyTa Ha 0Tpe3Kax [ k1l; ~+kn:) H Bbl­

rryKJia Ha orpe3Kax (-~ + krr:, kn J r,ZJ,e k Ed'... 

3x+l 
5.<l>yHKQHH f (x) = -- sornyra Ha orpe3Ke (2; +oo) n BbIIIYKJia 

x-2 
Ha (-oo; 2). 

6. Ecrrn K BhIIIYKJIOH Ha [a; b] cpyHKQHH rrpn6aBHTh JIHHeHHYJO 
cpyHKQHlO y = kx + b, TO rrorryqeHHaH cyMMa BhIIIyKJiaH Ha [a; b]. 

22.2. TeopeTuqecKHH 3aqeT 

1. KaKOB reoMerpnqecKRH CMhICJI IIOHHTHH: Bhrny1rnaH cpyHKQH51, 
BOI'HYTaH cpyHKQmI? 

2. Cym,ecTByeT rrn qeTHa51 cpyHKQHH, si.myKrraH (sorHyraH) Ha sceH: 
o6nacTn orrpe,ZJ,erreHHH? TaKoii :lKe sorrpoc ,ll,JIH HelfeTHOH cpyHKQHH. 

3. <flyttKQH.SI y= f(x) BhlrryKJia (sornyra) Ha BCeH lfHCJIOBOH OCH. 
KaKOBhI: 

a) y=-f(x); 
6) y=cf(x); c.;t:-0; 
s) y= f(x +a); 
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r) y= f(-x); 
.[() y= f(kx); k ;tQ; 

e)y=f(x)+b; 
"M.)y=f(kx+a)+b? 

4. <l>yHKI(llll/ll q BhIITYKJihI, a <iiYHKI(llll <pH o/ BOrH)"fhI Ha (O; I]. 

KaKOBhI: f ± q ;f ± <p; <p ± o/;/ · q;f · <p; <p · \If? 
5. Mo)l(eT nu B03pacrn10m:aH <iiYHKI(HH HMeTh mqKu rrepern6a? 

6. Mo"M.eT nH MHoroqneH TpeTbeii cTerreHH HMeTh: 

I) .[(Be TOqKH rrepern6a; 

2) ,[(Ba 3KCTPeMyMa H HH O,l(HOH TQqKH rreper116a. 

7. KaKyIO HaHMeHbIIIYIO CTerreHh Moryr HMeTb MHOroqneHbI, rpa­

<iiHKH KOTOpblX mo6pa"M.eHhl Ha puc. 22.1? 

y y 

x x 

a 6 

Puc. 22.l 

8. KaKoe Han6onhrnee q11cJ10 ToqeK 3KCTPeMyMa n ToqeK rrepern6a 

Mo:>KeT HMeTb MHOroqneH 10-iI CTerreHn? 

23. nPOV13BOAHA51 

3a)laqu Ha HCCJie)lOB3RHe npOH3BO)lHOH 

I. Mo"M.HO nu yrBep"M..l(aTh, qTo: 

a) rrpoH3BO.l(HaH n106oii qernoii <iiYHKI(HH HBnHeTCH: I) qeT­

Hoii; 2) Heqernoii; 

6) rrpon3BO,l(HaH n106oii HeqeTHOH <iiYHKI(llll JIBnHeTCJI: 1) He­

qernoii; 2) qernoii; 

B) rrpOH3BO.l(HaH rrepHO,l(UqecKOH <iiYHKI.(llli JIBnHeTCJI rrepuo­

.l(HqecKOH? 

2. Mo"M.eT nn: 
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a) rrpOII3BO~HmI BCIO~Y IIOJIO)KHTeJihHOH <j:>yHKll,HII 6hITh 

Bcro~y OTPmi;a:renhHoli; 

6) rrpOM3BO~Ha5I BCIO~Y orrpe~eJieHHOH Herrep110~11qecKOH 

<j:>yHKll,HH 6hITh rrepno~nqecKoH:; 

B) rrpOH3BO~Ha5I BCIO~Y orrpe~eJieHHOH <j:>yHKll,llH, He 5IB­

J15IIOmeH:c5I HM qeTHOM, HM HeqeTHOH, 6hITb: 1) qeTHott; 2) HeqeTHOtt? 

3. KaKaH m yKa3aHHhIX <j:>yHKll,MH HMeeT rrpon3BO~Hyro, rpaqmK Ko­

rnpoH: ll3o6pa)KeH Ha pttc. 23 .1? 

y 

x 

Puc. 23.1 

l)f(x)=x 2 -1; 
2)f(x)=x 2 -x; 

x2 
3) f(x) =- -1; 

2 
x2 

4)f(x)=
2

--x; 

x2 
5) f(x) = --- +x. 

2 
4. KaKIIe npoMe)KyTKII B03pacrnHIIH IIMeeT <j:>yHKll,HH f (x) , ecnII 

rpa<j:>HK ee rrpOH3BO~HOM BhffJ15I~HT TaK, KaK H3o6pa)KeH Ha puc. 23.2? 

y 1) [O; 2]; 
2) [O; 3]; 
3) [2; 4]; 
4) [O; 2] H [4; 5]; 

Puc. 23.2 5) [0; 3] H [4; 5]. 

5. Ha pHC. 23.3 H306pa)KeHbI rpa<j:>HKH <j:>yHKll,HM y= f(x), B TOM 

qHcne KBa~paTIIqnoif (a). KaKIIe II3 pacrroJio)KeHHhIX no~ HHMH rpaqm­

KOB (pHC. 23.4) MoryT 5IBJ15IThC5I rpa<j:>IIKaMH rrpOH3BO~HhlX '.JTHX <J:>ynK-

11,HH? 

y 
y = j(x) 

y 

x 

a 6 

Puc. 23.3 
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1) y 1) y 

fo X 
I 

~ 
3) y i 

I 0 

x 

* 4) y 
x 

x 

x 
fo ~o X 

Puc. 23.4 

6. Ha puc. 23.5 H3o6pa'JKeHnI rpa<i>ttKH <i>YHKQHH y = f (x ). B Tex 'JKe 

CHCTeMax KOOp,!:IHHaT (mrn 'JKe ITO,[\ rpa<i>ttKaMH <i>YHKQHH y = f (x )) Ha­
pttcyiiTe npttMepHnie rpa<i>HKH npOH3BO,[\HbIX y = J' (x ). 

~y ~Y:~ 
a ¥.6 0\\_ "_L_ 

0 x : x -101234x 
~ I 

2 ii e 

Puc. 23.5 

7. Ilo rpa<i>ttKaM npoH3BO,[\HbIX y= f'(x) , mo6pa'JKeHHbIX Ha 

pHC. 23.6, BOCCTaHOBHTe npttMepHnie rpa<i>HKH <i>YHKQHH y = f (x ). 

y y y 

x 0 x 

6 6 

Puc. 23.6 
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y y y 

1 -------

x x 

e 

Puc. 23.6 (npoooJ1J1Ce1me) 

24. V1CCnEAOBAHV1E CBOlllCTB CbYHKL.J,V1111 
V1 nOCTPOEHV1E rPACbV1KOB c nOMOW,bK) 

nPOV13BOAHOlll 

24.1. 3a,naqu Ha IIOCTpoeHue rpa<J>HKOB <l>YHK .. Hii: 

IlOCTIJOHTe rpaqrnKH <l>YHK~HH: 

x 2 -1 1 y= . 
· x 2 -5x+6' 

x 
2. y= ; 

(1 + x )(1 - x) 2 

x4 
3. y= ; 

(1 + x) 3 

4. y=(~)4; 
1-x 

S.y=x
2

(x-1\ 
(x + 1) 2 

6 - x . 
· Y- (1-x2)2' 

7 =(x+l)3. 
· y (x -1) 2 ' 

x
4 +8 

8. y=-3-; 
x +1 

9 =(x-3)3. 
· y 4(x -1)' 

lo 
_ 2x + 1. 

.y---, 
x+5 

1 
11. y=--; 

x 2 +4 

8 12.y= 2; 
16-x 

x 
13. y=--; 

x 2 -4 

1 
14. y= ; 

(x+l)(x-2) 

15. y= xz -5x; 
x-1 

16 _x
2 +6. .y---, 

x 2 -1 

8 
17.y=x2

--; 

x 

18 
_ x 3 + 4. 

. y---2-, 
x 

x 
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x3 
19. y=--2; 

1-x 

20 
_x+Ji. 

. Y·- ' 
x 2 -1 

21 
4x 3 +l 

.y=---; 
x 

22 =x3 +9x 
. y 2 ' 

x -4 

x-1 
23. y= ' 

(2x + 1)(2-x) 

24 
_ (x+l)(2-x) . 

. Y- 2x-3 ' 

25 . y= (x -l)(x -2); 
x 

26. v=--1--. 
· x 2 -5x +6 

llpUMe'iaHue. ITo o.n:Hoii 3a.z:i:aqe Ka:>K.[(hIM yqeHHK KJiacca ITO­

nyqan B KaqecTBe HHAHBHIJ:YaJibHOfO 3alf:aHHH Ha AOM Ha AJIHTeJibHbIM 

cpoK (2 He.n:enu). 

24.2. CaMOCTOHTCJihHaH KJiaccHaH rpynnoeaH pa6oTa 
]J;JIH rpynn H3 qeTb1pex qeJioBeK 

KIDK.n:aH rpyITna noJiyqaeT 3a.z:i:aHtte Ha KapToqKe: ITOCTPOMTe rpa­

cpttK cpyHKUHH, npoBe.[(H ITOJIHOe HCCJIC.[(OBaHHe: 

x 2 -9 2x 
1 y=--· 3 y·=·--· 

• 2 ' • 2 ' 
x -4 x +1 

x3 
2. y=-2-; 

x -1 

3x-2 
4.y= ~· 

'\/X
2 -1 

Ilo OKOHqaHHH pa6oTbI yqeHHKH ITpoBepHIOT ITpaBHJlbHOCTb ITO­

CTpOeHHH rpacpHKOB ITO 3CKH3aM, 3apaHee nocTpoeHHhIM Ha BHyTpeHHeii 

qacTH .n:ocKH. B xo.n:e ITpoBepKH BhIHBJIHIOTCH onm6KH H ITpOBOIJ:HTCH pa-

6orn ITO n:x ycTPaHeHHIO. 

24.3. CaMoCTOHTCJihHaH 11:0Mamum1 rpynnoeaH paooTa 

KJiacc .n:enHTCH Ha 6 rpyrrIT, Ka)l(.n:aH rpyITrra rronyqaeT 3a.z:i:aHue ITpo­

BeCTH IlOJIHOe HCCJIC.[(OBaHHe cpyHKUHH H IIOCTPOHTb ee rpacpHK (Ka)l(­

.[(blll yqmnHMCH Bhmonm.ceT 3a.z:i:aHHe .n:oMa, caMOCTOHTeJihHO ). B KJrncce 

no rpynITaM o6cy)l(fl,aIOTCH pe3yJihTaTbI pa6oThI. 
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IlpHMepbI 3a,IJ,aHHH: 

I. y=sinx +cosx; 

2. y=sin2x -2cos 2 x; 

3. y=2sinx -sin 2 x; 

1 
4. y=cosx---; 

cosx 

5 
. 1 

-· y=smx+-.-; 
smx 

6 . 1 . 2x 
. y=smx--sm . 

2 

IloCJie rrposepKH o6cy)K.naeTCH BOIIpoc: «HeJih3H JIM IIOCTpOHTb 

rpaqmKH 3THX <j:>yHKl~HH 6e3 rrpHMeHeHMH rrpOM3BO,l],HOH»? 

24.4. 3K3aMeHaUHOHHaSI KOHTpOJihHaSI pa6oTa no aJire6pe 

H Ha'laJiaM aHaJIH3a Ja 10-ii: KJiacc 

(npoBO~HTCH B KOHUe ro~a) 

l 6apua11m 

1. ,[J;aHMHoroqJ1eHP(x) =x(x -l)(x -a)+ 12. I13secTHO, qTO qHcno 

(-· 1) HBMeTCH KOpHeM 3TOro MHOroqneHa. Pa3JIO)KHTe MHOroqJieH Ha 

MHO)KHTeJIH. 

Ix +II +Ix -21 
2. PernHTe HepaBeHCTBO: < 2. 

199 

3. PernHTe ypasHeHHe: sin Sx + 6cos x ·sin 3x = 2 sin 3x - sin x. 
4. y CTaHOBHTe rrpoMe)KyTKH MOHOTOHHOCTH, 3KCTPeMyMhI, HYJIH 

.t-. 3 - x
2 

H v v .t-. .t-. 'l'YHKQHH y = --. aH,IJ,HTe aCHMIITOTbl H IIOCTpOHTe rpa'l'HK 'l'YHK-
x + 2 

QHH. 

5. HarrHrnHTe ypasHeHHe KacaTeJihHOH K rpa<l>HKY <j:>yHKQHH 

y =sin 2 3x B TOqKe c a6CQHCCOH Xo = ~-
2 

2 6apua11m 

1. ,[J;aHMHoroqneHP(x) =x(x + l)(x -a)-12. Ifasecrno, qTO qHcno 

1 HBJIHeTCH KOpHeM 3Toro MHoroqJieHa. Pa3JIOJKHTe MHoroqJieH Ha MHO­

)KHTeJIH. 
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12-xl-x 2. Pennne HepaBeHcrno: ~ 2. 
lx-31-1 

3. Pennne ypaBHemre: lOsinx ·cos3x -cosx = 4cos3x +cos5x. 

4. YcTaHoBttTe rrpoMe)KyTKH MOHOTOHHOCTH, 3KCTpeMyMhI, HYJIH 

cpyHKIJ,HH y= 
4

x (3-x) 3
• HaiI)l:ttTe rrpoMe)KyTKH BhIITYKJIOCTH H Borny-

9 
TOCTH, TOqKH rrepertt6a. 

5. HarrttruttTe ypaBHeHtte KacaTeJibHOii K rpacpHKY cpyHKIJ,HH 

2 3 6 ~ 7t y =cos x B TOqKe c a CIJ,HCCOH Xo = -. 
3 
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11 Knacc 

25. noCTPOEH~E rPACO~KOB noKA3ATEJlbHO~ 
COYHKU~~ 

IlpHMep. IlOCTJ>OMTe rpaqnIK cpyHKll,HH y = ~ 4 x - 2x+ I + 1 + 2x. 

y 

~4x -2x+I +1 =12x -11; 

y=12x -1!+2'; 

y ='-14'- r'+ l + 2x 

{
2x+ 1 -1, X;;;;, O; 

0 l x y= 
1, x<O. 

0 l x 

Puc. 25.1 Puc. 25.2 

25.1. 3a)J.a1IH ua rroCTpoeuue rpa«t>nKOB 
IIOKaJaTeJibHOH «i>YHKI(HH 

IlOCTJ>OMTe rpacpHKH cpyHKll,HM: 

1. y=2x -1; 9. y =21x-11+ I; 
2. y=2x-I; 10. y=2x ·21xf; 
3. y=-2x; 11. y=2x .2rx-lf; 
4. y=21xl; 12. y=21x-11 ·0,5-x; 
5. y=o,51x1; 13. Y = (0,25)lxl · 2x; 

6. y = -i-1x1; 
( 

l )lx-2[ + 1-x 

14.y= - ; 
3 

( 
l )1x1-1 

7. y= - ; 
2 

15. y=12x -31; 

8. Y = -2lxl-1 + 1; 16. y=12[x-l[ -31; 
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84 

17 1 
2

2x-4 
3 . y=-· +; 

3 
2x2 -6x 

18. v=-I.·r2
x-

4 +3· 
. 3 ' 

~ 19. y=0,5 x-3 ; 20. y=2vl-sm x; 

LJ 1 )x ( J )x-l ( 1 )x 21.y=f-rl4 - 2 + 2 ; 
22. y=,J3·3 2

x+! -6·3x +1 +3x+ 1• 

26. nOCTPOEHll1E rPAC0111KOB nor APV1COMll14ECKOll1 
111 nOKA3A TEnbHOlll COYHKL.J,111111 c nOMOLU,bto 

rEOMETP1114ECK111X nPE05PA30BAHll1111 

IIpuMep. IIocTpo1iTe rpacpttK cpyHKQHH y =/log 2(Ix1-1) I· 

D(y): Jxl-1>0; lxl >1 I d772. 
-1 0 +I 

y 

-2-10 ''/2 . I/ ,, I ( y 
I I 

x 
y= log2 x 

Puc. 26.1 

26.1. 3a)J;a'1H Ha IIOCTpoeHHe rpacJ>HKOB 

IIocTpoihe rpacpttKH cpyHKQHif: 
1. y=log 2 (x-2); 6. y= log 2 lx -31; 
2. y = log 2 (1- x ); 7. y = log 1 Ix -11; 

-

2 

3. y= log 3 (3-x); 8. y=log 2 (1x-4J+x); 

4. y = log 2 lxl; 9. y= llog 2 !xil; 

5. y=jlog 2 xl; 10. y =I log 2 I x - Ill; 



11. y=llog~(3-lxl)I; 
12. y=[log 2 llxl-lf[; 

13. y = 0,5 log 2 (x -1) 2
; 

14. y= log 1 l27x-541; 
-

3 

15. y= logz x2; 
[log 2 x[ 

16. y = logx 2; 

x 
17. v= logo-; . - 2 

19. Y = 5 log 5 (x-3) ; 

21 2
!log,x1

1+l . y= . - ; 

22. Y = iog2 tgx; 

1 

23. y=xlgx; 

1 

24. y=x 10
g 2 <; 

25. y=xlog,2; 

x 2 -4 
26. v= log?--; 

· - x-2 

x 2 -9 
27. y= log,--; 

- lxl-3 

I 
x-41 28. y= log 2 2 

; 

x -16 

29. y= -log 1(!-x)+ log 3 .J9x
2

-6x+1; 
3 3 

30. y=log 2(x-~)+log~ .f4x 2 
-4x+l; 

31. y = log o,s (16 - 8x + x 2 ) + log 2 (2x - 8); 

32. y= log{ 2- ~)-log I (x 2 
-12x +36); 

3 

33. y=[log 3 (x -2)) + log 3 (3x -6); 

34. y=log 1 (x 3 -5x 2 +8x-4)-log 1 (x-1); 
- -
5 1 5 

35. y= log 02 (Ix -31 +x -1) - -log 2 (x -2) 2
; , 2 

1 2 
36. y=log 05 (lx-ll-x+3)--log 05 (x-2). , 2 , 
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27. nOCTPOEHl-1E rPACbl-1KOB 
nOKA3A TEJlbHOlll 1-1 JlOr APl-1CbMW-lECKOll1 CbYHKL.J,1-1111 

METOAOM nPOl-13BOAHOll1 

27.1. IlpHMephl ua IIOCTpoeuue rpa<J>HKOB IIOKaJaTe.JihHOH 
H .JIOrapH<J>MHqecKOH <J>ym.:u,Hii 

IIpuMep 1. IlOC'fPOHTe rpaqmK <l>YHKIJJIM y = 2 lxl • 

Hccne,I(oBaHHe <i>YHKQHH. D(y): x "# 0. 

a) {x>O, . 
2x' y= . 6){::fa 

y 

0 1 x 

Puc. 27.1 

~ lnx -1 
IIpuMep 2. IIocTJ)OHTe rpa<i>HK <i>YHKD;HH y = --. 

x 
Hccne.I(OBaHHe <l>YHKQHH. 

1) D(y) = (O; + oo ). 
2) <l>yHKIJ;Hjl o6~ero BH,I(a. 

3) ActtMIITOTb1: 

a) BepTHKaJibHbie 1
. lnx-1 
1m --=-oo, 

x-->0+0 X 
X = 0 - BepTHKaJib-

Haj{ aCHMIITOTa; 

6) HaKJIOHHbie aCHMIITOTbI: y = kx + b, r,I(e k = lim f (x); 
X--700 X 

b = lim(f (x) -kx ); 
x-->oo 

= 1m--= - = 1m = 1m-= · k I. lnx-1 (oo) 1. (lnx-1)' 1. 1 
0 

X-->OO X2 00 X-->OO (x2)1 X-->OO 2x2 ' 

86 



b = lim ln x - l = ( 00 
) = lim _!_ = O; 

X----)00 x OCJ X----)00 x 

y = 0 - ropH30HTaJibHa» acHMIITOTa. 
2- lnx 2 

4) y' (x) = . Ha (O; e ] cpymni;H» B03pacrneT; 
x2 

Ha [ e2; +co) cpyHKIJ,H» yfo,rnaeT; x = e 2 
- TOqKa MaKCH-

2 1 
MyMa, f(e ) = 7 . 

2lnx-5 2 / 
5) y" (x) = . Ha (O; e "../ e) rpacpttK cpyHKIJ,HH 

x3 

BhIIIYKJihIH; Ha [ e2 Fe; + 00) rpacpHK cpyHKIJ;HH Borny-

ThIH; ( e
2 Fe; 3 ~ ]- ToqKa rrepertt6a. 

2e 2 

6) ,z:i:orroJIHHTeJibHhie TOqKH: ( 1; -1 ); ( e; 0). 
IlOCTPOeHHe rpacpHKa 

y 

e2Ve x 

Puc. 27.2 

~ 
0 e' 

~ 
0 e'-.fe 

27.1. 3a)J,aqu Ha IIOCTpoeHHe rpa<l>HKOB IIOKa3aTeJihHOH 

H JIOrapn<l>MH .. eCKOH <l>YHKIJ,HH 

IlOCTPOHTe rpacpHKH cpyHKIJ;HH: 
ex 

4 y=-· • 2' 
x 

1 
5.y=--; 

x x·e 
1 

6. y=--; 
ex -1 
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8. y=x 2 
• Inx; 

x 
9.y=-; 

lnx 

lo =lnx+l. 
. y ? ' x· 

11. y=ln(x 2 +4); 

12. y= ln(l-cosx); 

ex 
13. y=-; 

x 

14. y=In(x-- ~) 
I 

15. y= e~T_:;;; 

16. y=x 3 
• ln 2 x; 

17 2 -x . y=x · e ; 
x' 

18. y=e x+l; 

x3 
19. y=-; 

ex 

e-x 
20. y=-?; 

x· 

21. y=x 2 
• e-x'; 

22. y=xlnx; 

23. y= l + lnx; 
x 

24. y = ln(x 2 
- 2x + 2); 

25. y = x . ex ; 

26. y=ln(x 2 -3x-IO); 

27. y= Inx2 ; 
1 + ln 2 x 

28. y= ln 2 x - lnx; 

29. y=x-ln(x+l); 

30. y = ln(x 2 + 1); 

ex 
31 y= . 

• 2' 
16-x 

32. y=x(lnx+l). 

Ilpu.Me'-lmme. 0.D:tta H3 3Tnx 3a)J;aq npe.D:naraeTcH Ka)I(.lJ:oMy yqettn­
KY KJiacca B KaqecTBe HH.lJ:HBHLJ:YaJibHOro LJ:OMaumero 3a)J;aHHH Ha .D:JIH­
TeJibHhIH cpoK (2 He.D:enn). 
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27.3. KouTpOJihHaH pa6oTa no TeMe 
«IIOKaJaTeJihHaH H JIOrapu«J>MHqecKaH «l>YHKIJ,HH» 

l BapuaHm 
l 

1. PernnTe ypaBHemte: 125 Jog' 
5 = 3x 2 - 4. 



2. PeunITe HepaBettcrna: 

log 05 (8-x) 
a) · >0; 

log 2 (x+4) 
6) log 1 (3'+ 2 -9x);;;;. -6. 

,J2 

3. HaH:.rt;1ITe nnoIIJ,a,n;b qmrypbI, orpamrqeHHo:li rpa<i>uKoM <i>YHKQHH 
x-4 u rt-. u rt-. 

y == --, KacaTeJibHOH K rpa'±'HKY '.HOM '±'YHKQHH, npoBe.n;eHHOM B Toq­
x 

Ke Xo = 1, H IIpHMOM x = 5. 
4. IloCTpOMTe rpa<i>HK cPYHKQHH: 

a) y = 2x-1x1; 

2 Bapuaum 

x 
6)y=--. 

lnx-1 

logv-x 
l. PeumTe ypaBHettue: 2 " = 7x + 6. 
2. PeumTe HepaBeHcrna: 

log 5 (x +6) 
a) <0; 

log o,z (10 - x) 

3. HaH:.n;11Te IIJIOIIJ,a,n;b qmrypbI, orpattuqeHHOM rpa<i>uKoM <i>YHKQHH 
x +6 u rt-. u rt-. u 

y == --, KacaTeJibHOH K rpa'±'HKY 3TOH '±'YHKQHH, npoBe,n;eHHOH B Toq-
x 

Ke Xo = 1, ll npHMOM x = 5. 
4. IlocTpOMTe rpa<i>HK cPYHKQHH: 

x' 

28. 3AAALJlll C PEWEH"151Mlll 

l. y=cos(arcsinx), lxl<l; 

! sin (2 arcsin x) 
2 2. y= , lxl <I; 

!xi 

3. y= !xi tg(arccosx), !xi< 1; 

4. y= 1 +sin 2 x; 

5. y = I~ -cos 
2 

x I; 
x 3 +2x2 +x 

6. y= lxl ; 
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-2log 1 sin x 

7. y=2 2 

8 
2tgx 

· y= 1 +tg 2x; 

9. y= sinxf cosxf = cosxfsinxf; 

10. y= l-tg2x; 
1 + tg 2x 

11. y= x(l-fxf ); 

2log 1 (x+ I) 
12. y=2 2 

-

2 

(h) 15. y= lg 100 ; 

16. y= lglx-H 

PeUJenuR 

1. y= cos(arcsinx), f xf <l. 

17. y = Ix -1 f - f2x - 1 f; 

18. y= [4x+ 2 -161; 

19. y= l-x 2 + 8 f xj-151; 

20. y= 1-10 + 7lxl-x 2 1; 

21. y= 3 -sinlxl; 

x 2 -lx-21 
22. y= ; 

3 

x 2 -lx-61 
23. y= ; 

5 

24 y= sinx . 
. ~l+tg 2x' 

25. y= cosx . 

~1 + tg 2x 

cos(arcsinx) = ~1-sin 2 (arcsinx) = .J1 -x2
; 

y=~. 

Puc. 28.l 



! sin (2 arcsin x) { 1 :;:;:: :;:;:: 1. 2 - ""x"", 2. y= . D(y): 
lxl x;t:O. 

II ycTh y = arcsin x, rnma sin (2 arc sin x) =sin 2 y = 2 sin y ·cos y = 
=2sin(arcsinx) ·cos(arcsinx) =2x-JI-x 2

• 

X·~ 
y= lxl 

l)O<x<l, y=~; 
2)-l<x<O, y=--JI-x 2

• 

~ 
Puc. 28.2 

3. y=lxltg(arccosx), lxl<L 

( ) 
sin(arccosx) ~l-cos 2 (arccosx) -JI-x 2 

tg arccosx = = = . 
cos(arccosx) x x 

y=~--JI-x 2 • 
x 

l)O<x<l, y=-JI-x 2
; 

2) -1<x<0, y =--JI -x2
• 

~ 
Puc. 28.3 
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4. y = 1 +sin 2 x. <l>yHKO:WI •IeTHaR. 

x > 0 y = 1 + sin 2 x· y == _!cos 2x + 1 ! T = rr. , , 2 i 

Puc. 28.4 

y 

x 

Puc. 28.5 

y = cosx 

y= cos2.x 

y =~cos 2x 

y=-~cos2¥ 

y = 1 + sin'x 

y=cosx _____ , 

y= cos2x 

y =~cos 2x 

y=l~cos2xl 



6. y= x
3 

+2x
2 

+x 
!xi 

D(y): x :;t:O; 
x(x + 1) 2 

y= Ix/ 
l)x>O, y=(x+1) 2

; 

2) x< 0, y=-(x +1) 2
• 

-2log 1 sin x 

7. y=2 

x 

Puc. 28.6 

D(y): sinx>O; 2nk< x< n+2nk, k EZ. 
-2log 1 sin x log r (sin x)·-2 

flpeo6pa30Bam1e cpyHI<I.l,HH: 2 = 2 2 = 2Iog,_, (sin' x)-' 

2log (sin 2 x) • 2 J 1 2 = 2 =SIU X ::::: - - - COS x; 

1 1 
y=---cos2x. 

2 2 

y 

2 2 

Puc. 28.7 

y=cosx --

y= cos2x ·········· 

y=~cos2x--

x y = -1 cos 2x -------

y - l _ l cos 2x --2 2 
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S. y= 2tgx 
1 + tg 2x 

1t 
D(y): x :;t: - ± nk, k E Z. 

2 
y=sin2x. 

Puc. 28.8 

y = sinx ------· 
y = sin2x 

21t x 

9. y=sinxjcosxl=cosxjsinxl; T=2n. 

llccJie,D;OBam1e <PYHKIJ;JIH: 

1) 0 < x < ~ y =sin 2x· 
2' ' 
3n 

3) n<x< 2 , y=-sin2x; 

y 

1t 
2)- <x < 7t, y;=O; 

2 
37t 

4)-<x<21t, y=O. 
2 

y = sinx 

y = -sin2x 

y= sinx I cosxl + sinx lcosxl -

x 

Puc. 28.9 

lo _l-tg2x D(y) 1t k k '71 2 • y . :x:;t:-+n, E/LJ; y=cos x 
1 + tg 2x 2 



y 

Puc. 28.10 

11. y=x(l-[x[ ). 

<l>yHKIJ;JUI HeqeTmUI; x > 0, y = { x - ~) 
2 

+ ~ . 
y 

2log 1 (x+ I) 

12. y=2 2 

x 

Puc. 28.11 

1 
D(y): x>-1; y=-. 

x+I 

-1: 0 x 

Puc. 28.12 

x 
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13. y=21sin( 2x +~JI. 

Ilpeo6pa30Bam1e Q:>yHK1nrn: y=2Jsin( 2x +~JI =2Jsin2(x + ~ )J. 
y 

.. , 
/ \ 

3it 
1t 2 2it 

-1 

\I j 1' ;' 
\ \ ! I\ \ \ /I I 

\\:.1 '._/ 

Puc. 28.13 

14. y=log 1 lx+ll. D(y): x,c-1. 
-

2 
y 

Puc. 28.14 

x 

x 

y = sinx 

y = sin2x 

y =sin 2(x + ~) 

y =I sin 2(x + ~)I 

y = 21sin 2(x +~)I 

[0) 1 15.y=lg - . D(y): x<O; y=-lg(-x)-2. 
100 2 

y 

===::····· ... 1 0 -..... . y= lg(-x) ········· 

Puc. 28.15 



x 

Puc. 28.16 

11. y = Ix - 11 - l2x -11. 
x;;;.I, y= -x; 
1 

,,;:: x,,;:: 1 y = - 3x + 2,· 2"" ""' 
1 

x< -, y=x. 
2 

y 

Puc. 28.17 

18. y=l4x+Z -161. 

y I . 
i 
i 
i 

16 i 
! 

J/ 
-lo 1 

················ 

y=4x 
y= 4x+2 

y = 4x• 2
- 16 

y = w·'- 161 

x 

Puc. 28.18 
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19. y=l-x 2 +8lxl-151. 

Ilpeo6pa3yeM HCXO,ll,HYIO <i>YHKIJ,HIO K Btt,ll,y: y= lx 2 -8lxl+151. 

CrpOiiM rpa<i>ttK <i>YHKIJ,HH y = x 2 
- Bx+ 15 = (x - 4) 2 -1 H HCIIOJih-

3yeM rrpaBHJia rrocrpoeHHH rpa<i>HKOB <i>YHKIJ,HH y = J (Ix I) tt y =If (x )I. 
y 

JO 

x 

Puc. 28.19 Puc. 28.ZO 

20. y=l-10+71xl-x 2 1. 

CrpoHM rpa<i>ttK «i>YHKIJ,HH y = (x -3,5) 2 -2,25 H .n:anee .n:eiicrnyeM 
aHanornqHo 3a,n:aqe 19 (pttc. 28.20). 
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21. y=3 -sinlxl­
<l>yHKIJ,HH qeTHaH. 

1 ,............, 
/ 

0 

-1 

x 2 -lx-21 
22. y= . 

3 

x 

Puc. 28.21 

y= sinx 
y=-sinx 

y=-sinx+3 - (x>O) 

y=-sinlxl +3 -



1) x>2, 

2) x< 2, 

1 ( 1 J
2 

7 ' ( 1 7 J y=3 x-2 + 12; O 2' 12 . 

y=!(x+!J
2 

-~· a"(-! -~J. 
3 2 4' 2' 4 

\ 

\\ : 2 

', I 
-..,.._ 1 

.... - - - -,-
-1 

o· 

Puc. 28.22 

x2 -lx-6I 23. y= . 
5 

1)x>6, y=!(x-_!_J
2 

+l]_· a'(_!_ 1]._J· 5 12 20' 12' 20 

2)x<6, y=!(x+!J
2 

-1!. a"(-! -1!). 
5 2 4' 2' 4 

y . 
Y"! !Y 

I I 
I I 
I I 

I 

Puc. 28.23 

x' 
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sinx 7t 
24. y== . D(y): x =t- + nk, k E Z. 

~l+tg 2x 2 

y=sinx ·!cosx!; T =2n. 

1) 1t 1t 1 . 2 --< x< -, y=-sm x; 
2 2 2 

y 

-1 

Puc. 28.24 

7t 3n 1 . 
2 2)-<x<- y=--sm x. 

2 2' 2 

y=sinx --­

y = sin 2.x ----

y = -~ sin2x .......... .. 
2 

x 

cosx 1t 
25. y = r. . D(y): x =t - + 1tk, k E z. 

-yl+tg 2x 2 

y==cosx ·lcosx!; T =2n. 
1t 1t 2 

1)--< x< - y==cos x 2 2' , 

7t 37t 
2) 2< x< 2 , y= -cos 2 x, 

1 1 
Y ==-cos2x+-· 

2 2' 

y== {lcos2x + l) 

x 

y=cosx --­

y = cos 2x ----
1 y= 2cos2x ........... . 

v = _!_ cos 2x + !. _ .. _ .. _ 
, 2 2 

1 I 
y = -( 2 cos 2x + 2:) - · - · 

Puc. 28.25 
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nPOrPAMMA U.EllOCTHOro H3Y'"IEHHSI TEMbl 
<«l>YHKU.HH H rPACl>HKH» B 8-11 KllACCAX 

C Yr 11Y611EHHblM H3Y'"IEHHEM 
MATEMATHKH 

n051CHV1TEJlbHA51 3AnV1CKA 

TeMa <«l>yHKIJ,HH H rpa<j:JHKH» HBJrneTCH Ba:>KHOH COCTaBJIHIOIIJ,eil: 

nporpaMMbJ cpe,ll;Heil: IIIKOJibl no MaTeMaTuqecKHM ,ll;HCIJ,HilJIHHaM, TaK 

KaK HMeHHO 3,ll;eCh 3aKJia,ll;bIBaIOTCH OCHOBbl aHaJIHTHqeCKOro MhIIIIJie­

HHH, cpopMttpyeTCH MaTeMaTuqecKaH HHTyttu,HH, pa3BHBaeTCH norttKa 

H npuo6peTaIOTCH HaBbIKH HCilOJih30BaHHH cpyHKIJ,HOHaJlhHhIX o603Ha­

qeHHH H MeTO,ll;OB. 

IloHutte cpyHKIJ,HH Ba)lrno ,ll;JIH IIIKOJihHoro Kypca MaTeMaTHKH\eIIJ,e 

H IlOTOMy, qTo OHO TeCHO CBH3aHO c IlOHHTHeM TO)K)l;eCTBa, ypaBHeHHH 

H HepaBeHCTBa. 

IlOHHTHe cpyHKIJ,HH MH MaTeMaTHKH H ee npHJIO)KeHHH, CBH3aHHbIX 

c H3yqeHHeM nepeMeHHhIX BeJIHqHH, CTOJib )Ke cpyH,ll;aMeHTaJlhHO, KaK 

IlOHHTHe qucna npH u3yqeHHH KOJIHqeCTBeHHhIX COOTHOIIIeHHH peanh­

HOro Mttpa. Ka)K,ll;aH o6nacTh 3HaHttil:: cpH3HKa, XHMHH, 6uonorHH, co­

u,uonorHH, JIHHrBHCTHKa HT. ,ll;.- HMeeT CBOH o6beKThl u3yqeHHH, ycTa­

HaBJIHBaeT CBOHCTBa H, qTo oco6eHHO Ba)KHO, B3aHMOCBH3H 3THX 

o6neKTOB. MaTeMaTHKa paccMarpttBaeT a6crpaKTHhie nepeMeHHhie Be­

JIHqHHhI H H3yqaeT 3aKOHhl HX B3aHMO,ll;eHCTBHH, T. e. cpyHKIJ,HH. 

Ha nepBhIX cryneHHX o6yqeHHH MaTeMaTHKe rnaBHaH TPY.ll:HOCTh 

,ll;JIH yqaIIJ,HXCH COCTOHT B TOM, qT06bI yMeTb OTBJieqbCH OT KOHKpeTHbIX 

o6'heKTOB H OBJia,ll;eTb a6crpaKTHhIMH IlOHHTHHMH. IlpH u3yqeHHH )Ke 

3JieMeHTOB MaTeMaTuqecKoro aHanu3a rnaBHaH TPY.ll:HOCTh cocTOHT y)Ke 

He B o6o6IIJ,eHHH, a B KOHKpeTH3aIJ,HH, T. e. yMeHHH BH,ll;eTh 3a MaTeMaTH­

qeCKHMH TepMHHaMH H HX onpe,ll;eJieHHHMH KOHKpeTHhie o6pa3bl, npe,ll;­

CTaBJIHTb ce6e ,ll;OCTaTOqHO IlOJIHO u3yqaeMoe IlOHHTHe. 

,ll;aHHaH nporpaMMa cTaBHT u,eJihIO pa3BHTHe KOHCTPYKTHBHhIX cno­

co6HocTeil: H rpacpuqecKoro MbIIIIJieHHH yqaIIJ,HXCH. 

,ll;JIH IIIKOJibHOro Kypca anre6pb1 H Haqan aHanma MO)KHO BhI/];eJIHTb 

3 OCHOBHhIX H3bJKa: ecTeCTBeHHhIH, CJIOBeCHbIH H3hIK; H3bIK aHaJIHTHqe­

CKHX Bbipa)KeHHH; H3hIK rpacpuqeCKHX H3o6pa)KeHHH, HJIH «rpacpuqe­

CKHH H3bIK». 
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rpaqmqeCKHH 5I3bIK - OC06bIH 5I3blK MaTeMaTHKH, rpa<i>HK - O,ll,HH 

H3 ee MeTO,ll,OB. 3<l><l>eKTHBHOe rrpHMeHeHHe rpa<l>ttqecKoro 5I3bIKa B Kyp­

ce MaTeMaTHKH HeB03MO'/KHO 6e3 o6yqeHH5I rrpaBHJiaM 3Toro 5I3bIKa H co­

IIYTCTBYIOIIIeii TepMHHOJIOrHH. 06yqeHHe BCHKOMY H3hIKY BKJiroqaeT 

B ce6H COCTaBJieHHe <l>YHKQHOHaJibHO-rpa<l>HqecKoro CJIOBapH H o6yqe­

HHe rrepeBo,ll,y. IIepeBO,ll, rrpe,ll,rronaraeT ,ll,Ba B3aHMHO o6paTHhIX BH,ll,a 

,ll,eHTeJihHOCTH: 

1) rrepeBO.ll. cBoiicTBa <l>YHKQHH Ha rpa<l>ttqecKHii H3bIK, 

2) yMeHHe IIO 3a,l],aHHOMY rpa<l>HKY c<l>OPMYJIHpOBaTh CBOHCTBa 

<i>YHKQHH. 

rpa<l>ttqeCKHH 5I3bIK 5IBJI5IeTC5I Ba'/KHbIM cpe,ll,CTBOM rrpeO,ll,OJieHHH 

<l>opMaJIH3Ma B 3HaHH5IX IIIKOJibHHKOB, pa3BHTH5I reoMeTPHqecKoii HH­

TYHQHH, He06XO,ll,HMOH ,ll,JIH IIOHHMaHHH OCHOBHbIX <l>aKTOB aHaJIH3a H HX 

rrpHMeHeHHH Ha rrpaKTHKe, crroco6cTByeT <l>opMHpOBaHHIO rrpHKJia,ll,HbIX 

H IIOJIHTeXHHqecKHX yMeHHH. 

Ba'/KHhiii KJiacc 3a,ll,aq, CBH3aHHhIX c HCIIOJih30BaHHeM rpa<l>ttqecKo­

ro H3hIKa Ha BHYTPeHHeM 3Tarre peIIIeHHH, o6pa3yIOT ,ll,OCTaToqHo IIIHpo­

KO HCIIOJih3yeMbie B IIIKOJibHOM Kypce 3a,l],aHH5I Ha rpa<l>HqecKoe peIIIe­

HHe ypaBHeHHH H HepaBeHCTB. 3,ll,eCb rpa<l>HqeCKHe o6pa3bl MOrYT 6hITb 

HJIH HarJIH,ll,HOH orropoii, II03BOJIHIOIIIeii yrrpocTHTb aHaJIHTHqecKoe pe­

IIIeHHe, HJIH 5IBJI5ITbC5I OCHOBHbIM H ,ll,a'/Ke e,l],HHCTBeHHbIM cpe,ll,CTBOM pe­

IIIeHHH. 

Orrpe,ll,eJieHHhie TPY.ll.HOCTH B ycBoeHHH rpa<l>HKOB B 3HaqHTeJibHOii 

CTerreHH o6'hHCH5IIOTC5I TeM, qTo TeMa pa36pocaHa IIO pa3HbIM pa3,ll,eJiaM 

anre6phI H TPHroHoMeTPHH CTaH,ll,apTHOii rrporpaMMhI, <l>YHKQHH H3yqa­

IOTCH B HeCKOJibKO 3TaIIOB, rrpHqeM BHaqane paccMaTPHBaIOTCH qacTHhie 

cnyqaH, 6e3 o6o6iu;eHH5I H CHCTeMaTH3aQHH. 

BKJiroqeHHe B rrporpaMMY yrny6neHHoro H3yqeHHH MaTeMaTHKH 

pa3,ll,eJIOB «IlOCTPOeHHe rpa<l>HKOB <l>YHKQHH MeTO,ll,OM reoMeTPHqecKHX 

rrpeo6pa30BaHHH», «IlOCTPOeHHe rpa<l>HKOB <l>YHKQHH, CO,ll,ep'/KaIQHX 

3HaK MO,ll,ym», «IlOCTPOeHHe rpa<i>HKOB <l>YHKQHH MeTO,ll,OM anre6paH­

qecKHX rrpeo6pa3oBaHHii», «liccne,ll,oBaHHe cBoiicTB 3JieMeHTapHbIX 

<l>YHKQHH c IIOMOIQblO IIpOH3BO,ll,HOH» H pH,ll,a ,ll,pyrHX HMeeT u;eJihlO CHC­

TeMaTH3HpOBaTb H3JIO'/KeHHe MeTO,ll,OB HCCJie,ll,OBaHHH <l>YHKQHH H IIO­

CTPOeHHH rpa<i>HKOB, c<l>opMHpoBaTb y yqaIIIHXCH rroHHMaHHe Toro, qTo 

KpOMe MeTO,ll,a IIOCTPOeHHH rpa<l>HKOB Ha OCHOBe HCCJie,ll,OBaHHH CBOHCTB 

<l>YHKQHH cyIIIeCTByeT MeTO,ll, reoMeTPHqecKHX rrpeo6pa30BaHHH, rrpH-
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Mem1eMhIH B Tex CJiyqa51x, KOr,l~a rpa¢IIK <i>YHKQllll MO)J(eT 6nITh IlOJiy­
qeH R3 y)J(e IIMe10meroc51 rpa¢nKa; crroco6cTBOBaTn noBbIIIIeHnIO 06-
~eii MaTeMaTnqecKoii KYJinTypnI yqamnxcH. 

06yqeHne no :nofi: rrporpaMMe BBO.rt:IITCH B 8 KJiacce n paccqnrnHo 
Ha 4 ro.n:a o6yqeHII51. 

8-9 KnACCbl 

Tpe6osaHHH K MaTeMaTH'IecKoii no.uroTOBKe yqa~uxc» 

B pe3yJinTaTe o6yqeHnH yqamnecH i:i;oJI)J(HhI: 

3namb onpei:i;eJieHne <i>YHKQIIH, pa3JIH'IHhie crroco6nI 3a)J;aHH51 
<i>YHKQllll ( Ta6JinqHbJH, rpa<PnqecKHM, aHaJillTllqecKHH, CJIOBeCHhIH ); 
TepMIIHOJiormo (apryMeHT, 3Haqemrn cpyHKQllll, rpacpHK <i>YHKQllH, 06-
JiaCTh onpei:i;eJieHHH n .n:p.); cBoncTBa cPYHKQnli; onpei:i;eJieHnH JIIIHeii­
HOii, IIp51MOH H o6paTHOH rrponopQIIOHaJlhHOCTH, KBai:i;pan1qHoii, CTe­
neHHOH <i>YHKQIIII n cnoco601 nx rpaqmqecKoro npei:i;crnBJieHm1; 
anropHTMbI nocrpoeHH51 rpacpHKOB pa3JillqHhIX cpyHKQllii; pOJih 3JieMeH­
TapHbIX cpyHKQllH B myqeHllll 51BJieHIIH pearrhHOH i:i;eiiCTBHTeJihHOCTH 
B rrpaKTnqecKOM i:i;eHTeJihHOCTH qenoBeKa. 

YMemb npaBHJihHO ynorpe6nHTh <i>YffKQHOHaJihHYIO TepMIIHOJio­
rnIO H CHMBOJIIIKy, IIOHHMaTb ee npn qTeHHH TeKCTa, B peqn yqHTeJIH, 
B c]:>opMyJIHpOBKe 3ai:i;aq; HaXO.rt:llTh 3HaqeHne <i>YHKIJHH, 3a,n:aHHhIX cpop­
MyJioii, Ta6JIHQeii, rpacpHKOM, pemaTb o6paTHYIO 3ai:i;aqy; CYpOllTh rpa­
cpm<II cpyHKQllH -- mrneiiHOH, IIp5IMOll ll o6paTHOH 1IpOIIOpIJHOHa'lbHO­
CTH, KBa,n:paTHqHoii cpyHKQMll, CTeneHHOii cpyHKIJHll; nccrrei:i;oBaTb 
paCIIOJIO)l(eHHe rpa<i>HKOB B KOOp,n:HHaTHOH IlJIOCKOCTll B 3aBHCHMOCTll 
OT 3HaqeHnii napaMerpoB, BXOMII~llX B cpopMyrry; no rpacpnKy cpyHKIJllH 
ycrnHaBJIHBaTn ee CBOMCTBa: yKroornaTh npoMe)l(yrKn B03pacTaHH51 
H y6nrnaHH51, 3HaKOIIOCT05IHCTBa H .n:p.; CB06o,n:HO npnMeHHTh npaBHJia 
npeo6pa30BaHHM rpacpnKOB (naparrnennHhlii nepeHoc, .n:ecpopMaQHH, 
CMMMeYpH51) rorn nocrpoeHH51 rpaq>HKOB <l>YHKIJMH; CYpOMTh 3CKll3hl rpa­
cpHKOB <l>YHKQHM c npei:i;BapnTeJibHhlM MCCJie)lOBaHneM; rrpnMeIDITb an­
napaT arrre6pbl K 3a,n:aqaM nocrpoeHMH rpacpnKOB prorrnqHhIX cpyHKIJHii; 
orrepupoBaTh rpacpnqecKnMn Mo.n:enHMn; npnMemITh onhIT, nonyqeH­
Hhltt npli ll3yqeHllli <i>YHKQHM, K pemeHIIIO HeCJIO)l(HbIX npaKTHqecK.HX 
3ai:i;aq. 
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TeMaTuqecKoe m1anupooanue yqe6noro MaTepuaJia 

8 K.!lacc 

1. lloemopeHue u o6o6UfeHue meMbl «<PyHKlfUU», 
U3y?JeHHOU 6 7 KJlacce ( 6 ?J.) 

qHCJIOBbie <iJyHKIJHH. 06JiaCTb orrpe,n:eJiemUI H o6JiaCTb 3HaqeHHH 
<}>yHKIJHH. Crroco6bl 3a,n:aHIDI cpyHKll,HI1. fpacpnK cpyHKll,HH. 

CBoiicrna cpyHKU:HJI: qeTHOCTb, HeqeTHOCTb, nym1, HHTepBaJihl 3Ha­
KorrocT051HCTBa, B03pacTaHne H y6bIBaHHe, HaH60Jibillee H HaHMCHbillee 
3Haqemrn. CxeMa Rcc11e,n:oBaHH5I cPYHKIJHH. JlHHeHHM cpyHKll,IDI, ee 
CBOMCTBa n rpacpnK. <l>yHKU:HH, co,n:ep)J(aru,ne 3HaK Mo,n:ym1. <l>yHKIJHH 
y == x 2 

H y == x 3 ' HX CBOMCTBa, rpacpHKH. 

2. I'pacjJUKU c/JYHKlfUU u ux npeo6pa306altU5l (J 0 'J.) 

IIocrpoem1e rpa<}:lnKoB <j:JyHKU:HM sn,n:a: y =f(x) + b,y = f(x +a)+ b, 
y == f (-x), Y == -f (x), y == f (a· x), y ==a f (x). 

IIocrpoeHne no rpacpnKaM <}:>yHKIJ,HH sn,n;a: y = / 1 (x) n y = f 2 (x) 
rpa<j:JHKOB <j:JyHKI.1,UM: y = f, (x) + /2 (x ), y = /1 (x) - /2 (x ), y = f1 (x) x 

xf2(x), y= f, (x) I f2(x). 

Ilocrpoettne rpa<}:>HKOB <}lyHKIJHH sn,n;a: y = f () x) ), y = If (x )), 
y= /f(/x/ )/. 

3. H3y<teuue HOBblX c/JYHKlfUU. HcnOJtb3oeaHue annapama an2e6pbl 
npu nocmpoeHUU 2pacjJUKOB pa3!lU'JHblX cjJyHKlfUU (13 'J.) 

<l>yHKll,HH y = x, ee csoiicTBa, rpacpIIK. 
<l>yHKl\Hll, npn IlOCTPOeHHH rpacpnKOB KOTOpbIX HCIIOJib3YIOTC}J 

npeo6pa30BaHHH Bbipa)KeHHM, co,n:epiKarn:Hx KBa,n:paTHbie KOpHH. 
<l>yHKI.l,ll}J y = ax 2 +bx+ c. IlOCTPOCHHe rpacpHKa KBa,n;paTHOll 

tPYHKU:HH c HCIIOJib30BaHHeM MCTO,n:a BbI,L(eJieHIDI IlOJIHoro KBa,n:paTa 
H reoMeTPHqecKHX rrpeo6pa30BaHHH rpa<j:JHKOB. 

<t>yHKLJ;Irn, npn IIOCTPOCHHH rpaqmKOB KOTOpbIX ucrronh3yeTC}J pa3-
JJO)J(CHHe KBa,n:paTHOro TPCXqJieHa Ha JIHHeMHbie MHO)J(llTCJIH. 

<t>yHKIJH51 y = ~' ee csoiicrna n rpacpHK. ,IW06Ho-pa1.1,noHaJihHhie 
x 

<PYHK!IHH. HerrpepbIBHOCTb. BepTHKaJihHhie H ropmoHTaJibHble acHM­
ITTOThL 
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4. Iloemope11ue. CucmeMamu3a4u.R u3y4e1111020 
.Mamepua.na (3 4.} 

9 KJlllCC 

1. Keaopamul./1taR <jJy11K4uR (noemope11ue) (12 l./.) 

Onpe):leneHHe H cBoiicrna <l>YHKU:HH. IIoc'IpoeH»e rpacp»KOB <l>YHK­
U:»H c ITOMOI1(bl0 reoMe'IplfqeCKHX npeo6pa3oBaHHH. <l>yHKU:HH, CO):lep­
)l(am:»e MOJ:IYilb. 

KBa~paTHqHax cpyHKU:HX. Ee cBoiicrna » rpacpuK. 
fpacpHKH ypaBHeHHH. 
<PyHKU:HH, npH IlOC'IpOeHHH rpa<l>HKOB KOTOpbIX HCITOilb3yeTCH pe­

IIIeHHe HepaBeHCTB BTOpOH CTeneHH c O~HOH nepeMeHHOH. 
IlpttMeHeHHe CBOMCTB KBa~panrqHoH cPYHKU:HH K peIIIeHiflO 3a~aq 

c napaMe'IpaMH. 

2. Cmene11b c pa4uo11aJ1bHblM noKa3amelleM (6 4) 

<PyHKU:HH y = x", ee cBOHCTBa H rpacp»K. 

<l>yHKU:HH y = Vx, ee CBOHCTBa H rpacpHK. 

<l>yHKU:HH, npH ITOC'IpOeHHH rpaqmKOB KOTOpbIX HCITOilb3YIOTCR 
CBOHCTBa apttcpMeTHqecKoro KOpHH n-OH CTeneHH. 
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3. MemoObl nocmpoe11uR 2pa<jJuKoe <j;y11K4uu 
6e3 ucnOJlb306Q11UR npOU3600HOU (6 l./) 

IloHHTHe 0 npe~ene cPYHKU:HH. 
IlocTpOeHHe rpa<i>HKOB <l>YHKI.(HH BH~a y= f(kx + b). 
IloC'IpOeHHe rpa<i>HKOB <l>YHKIIHH BH~a y = f (ax 2 + bx + c ). 
IlOC'IpOeHHe rpaqmKOB <l>YHKIIHM BH~a y = f (ax + b/ c x + b ). 
3cKH3HpOBaHHe rpacpHKOB <l>YHKU:HH. 

4. Ilpocmeuiuue 11e3;zeMe11map11b1e <j;y11K4uu (6 4) 

K ycoqHo-HenpepbIBHble <l>YHKU:HH. 
<PyHKIIHH y=sinx; y=[x1 y= {x}. 
Iloc'Ipoem1e rpacpHKOB <l>YHKIJ,HH ~Byx BH~OB: 

y=[f(x)1 y= {f(x)}. 

5. 0606iqa10iqee noemope11ue meMbl 
«(/JyHK't{UU U UX zpa<jJUKU» (3 4) 



10-11 KJlACCbl 

Tpe6oBaHHH K MaTeMaTuqecKoii noJJ,roToBKe yqarn;uxcn 

B pe3ynhTaTe o6yqemrn: yqaIIJ,ttecR ).l,OmKHhI: 

311amb orrpe).l,eJieHHJ! H OCHOBHbie CBOHCTBa qucnOBbIX cpyHKU:HH 

(MOHOTOHHOCTb, coxpaHeHHe 3HaKa, 3KCTPeMyMhI, HaH60nbIIIee H HaH­

MeHbIIIee 3Haqemrn:, orpamiqeHHOCTb, rrep110).l,HqHQCTb 11).l,p.)11 HX rpa­

cpHqeCKyIO HHTeprrpernn:1110; cBoifcrna H rpacpHKH TPl1roH0MeTP11qe­

CKHX, IIOKa3aTeilbHOH, norapHcpMHqecKOH H CTerreHHOH cpyHKD:11H; 

cxeMy HCCne).l,OBaHHJ! cpyHKU:11ii; CO).l,ep:11<aH11e H rrp11Kna).l,HOe 3HaqeHHe 

3a).l,aqH HCCJJe).l,OBaHHR cpyHKU:HH. 

y Memb H306pa)l(aTb rpacp11KH OCHOBHbIX 3IleMeHTapHblX cpyHKU:HH, 

no BH).l,y rpacpHKa OIIHChIBaTb csoifcrna 3THX cpyHKn:11if; CTPOHTb rpacpH­

KH cpyHKU:11H, BKnIOqaIOIIJ,He B ce6JI TPl1I'OHOMeTPHqecKHe, IIOKa3aTenb­

HYIO, norapHcpMHqecKyJO H CTerreHHYJO cpyHKU:HH MeTO).l,OM reoMeTPH­

qecK11x rrpeo6pa30BaH11li; HCIIOJib30BaTb CBOHCTBa cpyHKU:HH ).l,JIJ! 

cpaBHeHHR 11 on:eHKH ee 3HaqeHHH; rrp11MeHJ1Tb rrepsyJO rrp0113BO).l,HYJO 

).l,J]Jl HCcne).l,OBaHHJ! cpyHKU:HH Ha MOHOTOHHOCTb H 3KCTPeMyMbI; rrp11Me­

HJ!Tb BTopyro rrpOH3BO).l,HYIO ).l,JIJ! HCCJJe).l,OBaHHR cpyHKU:HH Ha BblrryK­

IlOCTb, BOrHyTOCTb, TQql(If rrepertt6a; CTpOHTb rpacp11KH cpyHKU:HH, 

HCII0Jlb3YR HCCJie).l,OBaH11e c IIOMOllJ:blO rrpOH3B0).l,HOH; rrpHMeHRTb pa3-

JIHqHbie MeTO).l,bI IIOCTPOeHHR rpacpHKOB cpyttKn:11ii, cBOHCTBa 113yqeH­

HbIX cpyHKU:HH rrp11 peIIIeHl111 3a).l,aq c rrapaMeTpOM H npaKTHqecKl1X 

3a).l,aq. 

TeMaTuqecKoe miauuposauue yqe6Horo MaTepuaJia 

10 KJ1acc 

1. (noemopeHue) (4 tL.} 

CfucJZoeb1e <fJYHKquu. Crroco6b1 3a).l,aHl1R. fpacp11K cpyHKU:Hl1. KoMrro-

311U:l1R cpyHKU:l1ii. IIpeo6pa3osaH11e rpacpHKOB cpyHKn:11ii. CxeMa Hccne­

).1,0BaHHR cpyHKU:11H. 

2. Tpu20HoMemputLecKue <jJyHKlfUU (14 tL.} 

<I>yHKU:l111 Cl1Hyc, KOCl1Hyc, TaHreHC 11 KOTaHreHC qucnosoro apry­

MeHTa. CBoiicrna cpyHKn:11ii H HX rpacpHKH. 
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IlpneMhI nocrpoeHHSI rpaqm:KOB rpnroHoMeTpnqecKHX <f>ymni:nii. 
rapMOHHqeCKlie KOne6aHHSI. fpa<PnKH rapMOHifqeCKHX KOneoaHHH. 
<l>yHKU:HH, npn IIOCTpoeHHH rpa<f>HKOB KOTOpbIX HCII0Ilh3YIOTC51. 

npeo6pa30BaHHH rpnroHOMeTpnqecKHX Bhipa)KeHHH. 
<l>yHKU:HH, COil,ep)KaIIIHe MO)J,ynh, H HX rpa<l>HKH. 
06paTHhie Tp1rroH0MerpnqecKne <f>YHKU:HH, nx csoiicrna, rpa<l>HKH. 
Hcnonh30BaHHe /l,TI5l nocrpoeHH51. rpa<l:>nKOB <f>ynKu;nii, co)J,ep)Ka-

II1HX o6paTHhie TpHroHOMeTPWieCKHe <l>YHKIJ;HH. 

3. Ilpu.Me1-te1me npoU360dHblX K ucCJ1edo6a1-tu10 pyHKlJUU 

u nocmpoe1-tu10 2papuK06 (10 '-1.) 
' 

06II1all cxeMa nccne)J,OBaHH51. <l>YHKU:HH c IIOMOIIlblO npOH3BO~HOH. 
IlOCTPOeHHe rpa<l>HKOB pa3nnqHbIX <l>YHKU:HH c npe)J,BapnTenhHblM 

nx nccneJ:J,OBaHneM no o6II1eii cxeMe. 
HccneJ:J,osaHne JIHHeiiHoii <l>YHKU:HH c noMOIIlhIO npOH3BO)J,Hoii. 
Hccne)J,osaHne KBaJipaTnqnoii <l>YHKU:HH c noMOIIlhIO npoH3BOJ:IHOii. 
HccneJ:J,osam1e J:J,po6Ho-pau;noHanhnoii <l>YHKU:HH c TIOMOII1hIO npo-

H3BOJIHOH. 
HccneJ:J,osanne csoiicTB TPHrOHOMeTPnqecKnx <l>YHKU:Hii c noMo­

II1hIO npOH3BO)J,HOH. 
Hcnonh30BaHne 06II1eii cxeMhI JinSI nOCTPOeHHSI rpa<PnKoB <l>YHK­

u:nli, coµ:ep)KaIIIHX TPiffOHOMeTpttqecK11e <PynKu;mr. 
IlpttMeHeHtte npomsoµ:Hoii npn pernemm 3aJ:J,aq c napaMeTpOM. 

4. Ilo6mope1-tue, cucmeMamu3alJUR U3y'-le1-tuo20 

)1tamepua;1a (3 '-1.) 

Jl KJIUCC 

1. IloKa3ame!lbUaR, !lo2apupMul/ecKaR u cmeneu1-taR 

PYUKlJUU (14 '-1.) 

IloKa3aTeJibHa51. qiym<I.IHSI, ee csoiicrna 11 rpa<l:>ttK. IlocTpoemre rpa­

<f>HKOB <l>YHKI.IHM, COJ:J,ep)l(alll,HX IIOKa3aTenhHYIO <l>YHKI.IHIO, c UOMOII1hl0 
reoMeTpnqecKHX npeo6pa3osan11ii. 

JiorapH<f>MnqecKaSI <l>YHKI.IHSI, ee CBOHCTBa H rpa<f>HK. IlocTpoem1e 
rpa<l>ttKOB <PYHKIIHH, CO)J,ep)KaII1HX noraptt<l>MHqecKyIO <l>YHKI.IHIO, c IIO­
MOII1bl0 reoMeTp11qecKHX npeo6pa30BaHHH. 
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TiocT{JoeHHe rpacpHKOB cpyHKU:HH, co.n,ep:>Karn,nx norap:inpMnqec­

KYIO H noKa3aTeJihHYIO cpyHKU,HH. 
TipoII3BO,IJ,Ha5! JIOrapmpMnqecKOH II IIOKa:mTeJlbHOM <PYHKU,HM. Ilo­

crpoeHHe rpacpHKOB cpyHKU,HH c HCIIOJib30BaHHeM cxeMhI HCCJie,IJ,OBaHH5! 

cpyHKU:HH C IlOMOilJ:bIO npOH3BO,Il,HOH. 
CBoiicrna noKa3aTeJihHOiI, norapttcpMnqecKoiI H cTeneHHoii cpyttK­

u,wii B 3a.n,a~rnx c napaMeTIJOM. 
rpacpnqecKHe IIpHeMbI npH peIIIeHHH 3ap,aq C napaMeTpaMH. 

2. llo1mpuan cucmeMa KoopiJuuam (4 '1) 

Tion5!pHaH cncTel\rn Koop,IJ,HHaT. 
KpHBhie, 3a.n,aHHhie ypaBHeHHHMH B nmrnpHhIX Koop.n,nHarnx. IlpH­

MephI cnnpaneH:, po3 H p,pyrHX KpHBbIX. 

3. AJ12e6pau'lecKue KpUBble 2-20 nopRiJKa (4 '1) 

3mnmc, OKPY:>KHOCTb. rwnep6ona. Ilapa6ona. 

4. lloemopeuue (10 <t.} 
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3.1.1. y=lxl 

-4 -2 0 2 4 

-2 

3.1.3. y=lx+ ll 
y 

-4 -2 -1 0 2 4 

-2 

3.1.5. y=/x/ + 1 

0 

-4-3-2-1_1 I 2 3 4 

3.1.7. 

-2 

y=l2x-ll 
y 

OTBETbl 
3.1.2. y=-lxl 

y 
2 

0 

x 

3.1.4. y=-lx+ 11 
y 

2 

-2-1 0 

x 

3.1.6. y=/x+ 1/ +2 

0 
x -4 -3 -2-1_ l 1 2 3 4 

3.1.8. 

-2 

4 y=l--2xl 
3 

x 

x 

x 

-2-1,5-1-0,5 0,5 1 1,5 2 x -2 -1,5 -1 -0,5 0,5 1 1,5 X 

-1 
-0,5 
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3.1.9. y=x +Ix+ ll 3.1.10. y=lxl+x 
y 

2 

0 

-2 2 x -2 -1-0,5 0,5 1 2 x 

-1 

3.1.11. y= lxl-x 3.1.12. y=lxl+x+l 
y 

2 

0 0 

-2 -1 0,5 1 2 x -2 -1-0,5 0,5 I 2 x 

-1 -1 

3.1.13. y=x-lx+ll 3.1.14. x 
y= lxl 

y y 

-1
1 

0 2 

-I 1 2 4 x 

-2 
-3 
-4 -2 -1 0 2 x 
-5 

3.1.15. lx-11 3.1.16. 
x 

y=x=T y=x+fXI 
y y 
2 4 

-2 -1 0 1 2 x -4 -2 4 x 

-1 

-2 -4 
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3.1.17. y=lx-ll+lx+ll 

0 
-4-3-2-1 

-1 
1 2 3 4 x 

3.1.19. y=lx+ll-lx-11 
y 

-3 x 

3.1.18. y= lx-11-lx+ ll 
y 

-3 

3.1.20. 
lx-21 

y= x +lx-11 + -' -2-x-
y 

I 6 

4 

2 

0 
-4-3-2-1 1 2 3 4 

x 

x 

3.1.21. y= Ix+ ll-13 -2xl-x + 4 3.1.22.y= 2·lx + 41- 3·lxl +Ix- 61 

x 
-10 -5 6 

3.1.23. y= 11 -xi ·-Ix- 21-lx- 31 3.1.24. 
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y 

2 

x 

-4 

x 
-2 

-4 
5 

y=lx + 1HI-2xl+ 
+lx-21-x- l 

4 x 

-2 

-4 



3.1.25. y= lx-11-lxl + 
+I 2x + 3 I - (2x + 4) 

4.1.1a. y= 3x + 2 

y 

2 

1 2 3 x 
-3 -2 -1 x 

-1 

-2 

4.1.16. y= 3x+ 4 4.1.1e. y= 3x-3 

-6 2 4 6 x -6 x 

4.1.1r. y= 3x-5 4.1.2a. y=x2 +4 
y 

14 

x 

2 

-5 -2 0 5 x 

4.1.26. y= x2
- I 4.1.2e. y=x2-5 

y 

-4 4 x 

-5 --2 5 x 
-6 
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4.1.3a. y= \x\+ 2 

-6 -4 -2 2 4 6 x 
-2 

-4 

4.1.3e. y= lxl-7 
y 

-8 

4.1.46. y= 3-lxl 
y 

4 

4.1.Sa. y=x'+ 2 
y 
6 

2 4 6 x 

-6 
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4.1.36. y= \x\-4 
y 

4.1.4a. 

4.1.4e. 

-5 

y=-lxl+2 
y 

2 

y=-lxl-3 
y 

2 0 

-2 5 

/:: -3 

-8 
0 
2 

4.1.56. y=x'-4 
y 
2 

x 

x 

x 



4.1.Se. y=\x3+1\ 4.1.6. y= X·\x\ 

y 

8 

6 

4 
6 x 

-6 -4 -2 0 2 4 6 x 

4.1.7. y=x·\x\+l 4.1.8. y=-X·\X\ 

6 x 6 x 

4.1.9. y=l-x·\x\ 4.1.10. y= \x-2\ · (x + 2) 

6 x -6 -4 -,2 -2 0 2 4 

-4 

6 x 

4.1.11. 4.1.12. 

y 

-3 

6 x 

x 
-6 -4 -,2 -~ :l 4 

-4 

-2 
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4.1.13. X
1 +x 

y=-lx-1 

4 6 x 

4.1.15a. y= Ix+ 61 
y 

- JO -8 -6 -4 -2 0 2 x 

4.1.16a. y=(x+2)2 

y 

4 

2 

-6 --4 -2 0 2 4 x 
-2 

-4 

4.1.16e. y= (3 -x)2+ l 
y 

10 

8 

6 

4 

2 

-4 -2 2 4 6 8 10 
-2 
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x 

4.1.14. y= x' -x
2 

2 ·Ix!- II 

-I 

y :) 

1 2 3 

4.1.156. y= lx-71 
y 

-2 0 2 4 6 8 JO 

4.1.166. y=(x+2)2+l 

-6 -4 -2 0 2 4 6 
-2 

-4 

4.1.16r. y= 9 -(x + 2)2 

y 

2 



4.1.16A. y = 2 · (x - 2)2 
- 1 4.1.17a. y= (x-1)

2 

y 
8 

6 

4 

2 -4 -2 6 x 

x 

4.1.176. y= (x + 3)3 4.1.178. y= (x-2)3+ I 
y 

y 
4 

4 

2 0 

-2 
-8 --6 -2 

-4 

-6 
-7 

4.1.18. y= (1 +x) · (1-lxl) 6.1.1. y=lxl-2 

y 

3 x x 

-4 

6.1.2. y=lx-21 6.1.3. y= )lxl -2) 
y 

y 
4 

4 

-6 --4 -2 0 2 4 6 x 
-2 

- 2 -1 I 2 3 x 
-4 -1 

-2 
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6.1.4. 

6.1.6. 

Y=l-lxl-21 
y 

-4-3-2-1_
1 

I 2 3 4 

y=lllxl-21-11 
y 

4 

x 

- 4 -2 0 2 4 x 

6.1.8. 

-2 

y=llx + ll-lx-111 
y 

4 

-4 -2 0 2 4 x 

7.1.1. 
y 
6 

4 

2 

-2 0 

-2 
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-2 

y=-{X+4 

2 4 6 8 x 

6.1.5. y= 14-2 ·lxll 

-4 -2 2 4 x 

-2 

6.1.7. y=llx2-ll-2I 
y 

4 

-4 -2 0 2 4 x 

-2 

6.1.9. y=llx-ll-2llxl-3ll 
y 

8 

6 

-8 -6 -4 -2 0 2 4 6 8 x 

7.1.2. y=>/x+4 
y 
6 

4 

--4 -2 0 2 4 x 

-2 



7.1.3. y=....fx+4+3 7.1.4. y=....fx+5-3 
y y 

2 
6 -2 0 2 

4 x 

2 
-4 

-4 -2 0 2 4 x 

7.1.5. y=....fx-5+3 7.1.6. y=....fx-5-3 

y y 
0 8 10 

6 
-4 4 12 14 x 

4 -4 

2 -8 

-12 
0 2 4 6 8 10 x 

7.1.7. y=-{X 7.1.8. y= ....;=x 
y y 

-1
1 

0 
5 
4 

-1 x 3 
-2 2 

-3 
-4 

-8-7-6-5-4-3-2-1 0 x 

7.1.9. y=--FX 7.1.10. y= l --FX 

y y 
2 2 

-10 -8 -6 0 x -JO -8 -6 0 x 

-2 

-4 -4 

-6 -6 
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7.1.11. y=~ 
y 

4 
3 

-4-3 -2-1 
-1 

01 2 3 4 

7.1.13. y=-~f 
y 

2 

-4 -2 

-4 

7.1.15. y=l1-~I 
y 

4 

2 

-8 -6 -4 -2 

-2 

8.1.2. y-R - x 
y 
4 

2 

-4 -2 

0 
-1 2 4 

-2 

-4 
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x 

0 x 

x 

7.1.12. y=.../X+3 
y 

4 

-4 -2 

-2 

2 

7.1.14. y=l-v'lx +31 

y 

2 

-2 

-4 

8.1.1. y=xf.1 
y 

4 

-8 -6 -4 4 

8.1.3. y-_2R - x 
y 
4 

2 

-4 -2 0 2 

-2 

-4 

4 x 

x 

6 8X 

4 x 



8.1.4. y= '11+2x + x2 

x + 1 
y 

2 

-4 -2 

0 
-1 2 4 x 

-2 

. 8.1.6. y='1(x + 1)2-x 

y 

4 

2 

-4 -2 -1 0 2 4 x 

-2 

8.1.8. y=2-ff+2x+l 

y 

-4 

8.1.5. 

-4 

8.1.7. 

-4 

8.1.9. 

y=fu-1 
y 

4 x 

-2 

y='1x2 -2x + 1-x 

y 

4 x 

-2 

y= x--f1+7-2x 

y 

2 

2 4 x 

8.1.10. y='1x2 -~2x+T 8.1.11. y='1x2+6x+9-U-2x+l 

-4 -2 

y 
4 

2 

0 

-4 

2 4 x -4 4 x 

-2 
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8.1.12. y==-Vx2-6x + 9 + 8.1.13. y==-Vx2-4x+4+ 
+-Vx2 + 2x + 1 +-Vx2 

- 8x + 16 +-Vx2 
- 12x + 36 

y y 

4 

2 

-4 -2 0 2 4 x -2 0 2 4 6 8 x 

8.1.14. Y==-Vx2 + 4x + 4 + 8.1.15. y == (~)2+-{7 
+ -Y7=- 2x + 1 +-Vx2 

- 6x + 9 y 
y 

6 

3 

0 2 3 4 x 

--4 -2 0 2 4 6 x -3 

8.1.16. -Vx\x- 1) 8.1.17. y == -v 4 + x - 4-{X y== 
{X=-1 

y y 

6 4 

3 ~ 2 

0 2 3 4 x 0 2 4 6 8 x 

-3 -2 

8.1.18. y== ~x-. (fx +...Ix) 8.1.19. {l=7 
y-- -r.x=I 

y y 
2 

6 

3 

-I -0,5 0 0,5 x 
0 2 3 4 x 

-I 
-3 
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9.1.1. 

9.1.3. 

-4 -2 

9.1.5. 
y 
1 

-1 
-2 

-4 

-6 

-9 

9.1.7. 

0 

y= x2 -4x + 4 

y 

2 3 4 

y= x2 -4x 
y 

y= -x2 + 6x-9 

2 4 

6 

y= -x2 +4x-1 

y 
4 

-4 -2 

x 

6 

9.1.2. 

-4 x 

-4 

9.1.4. y= x2 + 4x+ 3 
y 

x 

2 x 

-2 

9.1.6. y= -x2 +6x-8 

y 
1 

x x 

-4 

-6 

-8 

9.1.8. y = -2.x2 + 4x + 1 

y 
4 

x -4 -2 4 x 

-4 
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9.1.9. 

-4 

10.1.2. 

10.1.4. 

10.1.6. 

128 

y = --! x2 
+ x - I 

y 

2 

-6 

x2
- 3x-4 

y= x +I 

y 

x2 + 5x-6 
y= x +I 

y 

y= x
2
-3x + 2 
\x-2\ 

-2 

x 

x 

x 

4 x 

10.1.1. 

-4 

10.1.3. 

10.1.5. 

-10 

4x2 
- I 

y= 2x + l 

y= 

-8 

y 

4 

-4 

x2 +x-2 
x+2 
y 
2 

I2+x-x2 

y= 
x2 -16 
y 

-4: 

x 

x 

x 

~! --2 

I 

10.1.7. (5-x)(x2 + 2x-15) 
y= \x-3\ 

y 
40 

20 

0 

-40 



11.2.1. y= 2-k 
Y. 

~ f _____________ _ 

--2 -1 

-2 

-4 

11.2.3. y= x + 1 
x-I 

y i"--2 : 
I ---------------- -~------------

-4 

11.2.5. 

-7 --5 

0' 

I-x 
y=x+3 

I 
I 
I 
I 
I 
I 
I -:3 

2 4 x 

y 

3 
2 

I -} Q X 

~------ ~r----

11.2.7. 

-4 

3x + 4 
y=--x=-r-

~-j~ 
2 : 

I 
I 

2 4 x 

11.2.2. y--x_ 
- x-1 

y 

2 I"-_ 
--t---------------------------

1 

-4 -2 0 2 4 

-2 

-4 

11.2.4. x-1 
y=x+l 

:z 
I 

_)( 
-------------~- --------------

-4 -2 

11.2.6. 
y 

4 

' O 

-4 

2x- I 
y= x-3 

4 

x 

x 

j~ 2 I ------t- ---------

-4 

11.2.8. 

:3 
4 6 x 

x+2 y--­- 3-x 
y 

4 

------------~;- q ___ ,_~~ 

-4 ~ 
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11.2.9. y= lxl~3 
y 

_)_, 2 

-4 

2 
11.2.11. y= Ix- ll -3 

4 x 

_}:I~ 
-4 -2 2 

11.2.13. 

I 

-2 Ai 
-4 I \, 

lx-11 
y= lxl-1 

Ii~ 
__/,a 

-4 -2 2 

11.2.15. lxl-2 
y= Ix+ 31-1 

I y 

~t----2 
I -2 

-10 -8 -6 

-2 
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4 x 

4 x 

11.2.10. 

-4 

11.2.12. 

1 
y= 3-lxl 

-2 

-4 

lx-41 
y= x+2 

4 

. ---- 2----4 ·---X 

~r~; 
\, -6 

1 
11.2.14. y=lx; 11 

y 
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HOBblE KHL+1rl.1 no MATEMATL+1KE 

E.n. Hem1H, B.A. naaapee 
Anre6pa 111 Ha'lana aHan1113a. 10 Knacc 

Y'!e6H1.1K 
Yqe6HHK HBJUieTc.a nepBbIM B JIHHeliKe yqe6HHKOB no 1<ypcy «AJire6pa u Haqana 

aHaJIH3a. 10-11 KJiaCChl». Co11eplKaHue yqe6HHKa coorneTcTayeT cjJe11epanbHbIM KOM­

noHeHTaM rocy11apcrneHHOro CTaH11aPTa o6IIJero o6pa3oBaHHH no MaTeMaTHKe H co11e­

plKHT MaTepllaJI KaK 6a30BOro, TaK ll npocjJHJibHOro ypOBHH. Ilo HeMy MOlKHO pa60TaTb 

He3aBHCllMO OT Toro, no KaKHM yqe6HHKaM )"IllJlllCb IIIKOJibHllKll B npel\bll\YIIJlle ro­

l\bl. Yqe6HHK Ha11eJieH Ha no11roTOBJ<y yqaIIJHXCH K ycneIIIHoli c11aqe Er3 u noczynJie­

HHIO B By3bI. 

KOMnllEKCHAH no.QrOTOBKA K Er3 Ill r111A 
E.n. HeJ1f.1H 

Anre6pa. 7-11 KflaCCbl I reoMeTplll.R. 7-11 Kn8CCbl 
OnpeoeneHUJl, c6oiicm6a, Memoobl pemeHuR 3aoa<t - 6 ma6nul/ax. 

B noco6n.ax JioruqecKH ynop.a11oqeH H CHCTeMaTH3HpoBaH 

MllHllM)'M OCHOBHhlX ll )J;OIIOJIHHTeJibHb!X CBCl\eHHH ll3 IIIKOJibHhlX 

KypCOB anre6pb! ll HaqaJI aHaJIH3a ll reOMCTpllll, KOTOpb!ll 

II03BOJIHeT peIIIaTb aceB03MOlKHbie 3a11aqu, npellJlaraeMbie Ha 

BbIIIYCKHbIX llJlll BC'fYIIHTeJibHb!X 3K3aMeHax, a TaKlKC B 3aJ1aH1rnX 

Er3 u CHA no MaTeMaTYIKe. 

A.n. Epwoea, B.B. rono6opO,QbKO 
BCs:I WKOJlbHMI MATEMATlllKA 

B C8MOCTOS'lT81lbHblX f.1 KOHTPOJlbHblX pa6oTax 

1. MaTeMaT111Ka 5-6 
2. Anre6pa 7-11 
3. reoMeTplll.R 7-9 
4. reoMeTpM.R 10-11 

C6opHHKH co11ep)!(aT noJIHbIH Ha6op caMocTOHTeJibHbIX u KOHTpOJibHbIX pa6oT no 

BCeMy KypCy MaTeMaTHKll 5-11 KJJaCCOB. B KOH!je KHllr npHBOMTCH OTBCTbl KO BCeM 

paooTaM, a K HeKoTopbIM 3ap;aqaM npHBe11eHbI pemeHHB H YKa3aHHB. MaTepHaJibI 

KHllr MOlKHO llCIIOJib30BaTb npll pa6oTe c mo6h!Mll yqe6HHKaMH. 

WeeK1.1H A.B. 
TeKCTOBb1e 3aAa'llll no MaTeMaTlllKe: 5-6 I 7-11 

C6opRHKH BKJIIOqaIOT TeKCTOBhie 3a11aqH no KypCY lIIKOJibHOii 

MaTeMaTHKH 5-6 H 7-11 KJiaccoB. HapHl\Y c HHTepecHbIMH 3a11aqaMH 

COBpeMeHHbIX aBTOpOB (B TOM qucJie, OJIHMnHal\HblMll) B c6opHllKll 

BKJIIOqeHbl ll3BeCTHble CTapllHHble 3a11aqu, 3aJlaqu lf3 «ApllcjJMe­

TllKll)) 11.<I>. MarHH11KOro H «ApucjJMeTHKH» A.IT. KuceJieBa, 11pyrux 

11opeBOJIIO!jllOHHb!X c6opHHKOB. Ko MHOfllM 3allaqaM 11aHbl OTBCTbl 

H COBeTbl, IIOMOraIOl!jlle Haihll rrpaBHJibHOe pemeH!fe. C6opHHKll 

MOlKHO llCIIOJib30BaTb KaK l\OIIOJIHCHlle K JII06hlM yqe6HHKaM 5-6 
ll 7-11 KJiaCCOB. C6opHHK 7-11 KJiaCCOB co11eplKHT MaTepHaJI l\JIH IIOJ\fOTOBKll K llTO­

roaoU: aTTeCTalJHH (I'HA-9 u Er3-l l ). 



XneBHtOK H.H., 111saHosa M.B. 
Cl>opM111poeaH111e Bbl"llllCJ1111T8nbHblX HaBblKOB Ha ypoKax MaTeMaTlllKlll 

5-9 KnaCCbl 
ITpeJ~CTaBJICHa He HMC!OIIJIDI aHarroroB MCTOJIHKa ¢opMHpOBamrn 

BblqHCJIHTCJ!bHblX HaBb!KOB H pa3BHTHJI MaTeMaTHqecKHX cnoco6HOC­

TCH y IIIKOJihHHKOB. ITp11Be.z:1eH norrHhIH naKCT KOHTporr11py!01IJHX 

ypoBHCBhlX TCCTOB JIITll nposepKH YMCHHH H HaBhIKOB onep11p0Bamrn. 

q11crraMH H Bblpa)KCHHJIMH. Co.z:1ep)KaHHC TCCTOB nOJIHOCTb!O 

COOTBCTCTBYCT roe. CTaH.z:1apry MaTCMar11qecKoro o6pa30BaHHJI. 

IToco6ne no3BOJ!llCT opraHH3oBaTb CHCTCMHY!O pa6ory c yqa1IJHMHCJ1 

no ¢opMHpOBaHH!O 6a30Bb!X MaTeMaTifqCCKHX 3HaHHH, HaqHHIDI 

c 5 KJiacca. CaMcoHoe n.111. 
06y"la10111111e KOHTpOnbHble pa60Tbl 
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no anre6pe 111 Ha"lanaM MaTeMaT111"lecKoro aHan1113a 10-11 
ITpe.z:1craBJieHhI npaKTHqecKHe MaTepHarrhI JIJ!ll opraHH3aIJHH TeKy1IJero n HTOroB­

oro KOHTPOJIJI 3HaHHH yqall{HXCJI B ¢opMC o6yqa!Oll{llX pa3HOypOBHCBbIX KOHTpOJib­

HblX pa6oT. Ko BCCM TCKCTaM npCJIJIO)KCHHblX pa60T npHBOJll!TCJI nol!CHCHllll, Kaca!O­

IIJHCCJI KOMnOHOBKll BapHaHTa, OTBCThl, a K HCKOTOpb!M 3ajlaHHJIM H pCIIICHllll. 

Jlll1CW-IKll1H B.T. 
npo1113BOAHaSI Ill ee np111nO>K8Hllle B 3aAa"laX 

KHHra no3BOJ!llCT caMOCTOl!TCJihHO HayqiffhCJI pemarh 3a.z:1aq11 no 

OJIHOMY H3 rrraBHhIX pa3.z:1erroB MaTeMaTHKH 11 no.z:1roTOBHThCJ1 K Er3. 
KpaTKne reopeT11qecKtte cse.r1eHHJ1 conpoBO)KJlalOTCll no.z:1po6HhIMH 

pemeHllllMH 3ajlaq, CaMOCTOJITCJibHbIC ynpa)KHCHHJI CHa6)KCHbl OTBC-

TaMH, yKaJaHI:IllMH H nollCHCHHllMH. 

MATEMATlllKA: 3flEKTlllBHblE KYPCbl 
HoBall cepHll KHHr 113.z:1aTerrhCTBa opHCHTHpoBaHa Ha yrrry6rreHHOe 

H3yqCHHC pa3JIIfqHbIX TCM IIIKOJ!hHOfO KypCa MaTeMaTHKH. KHHfH 6y­

JIYT HHTepeCHbl ll norre3Hbl yqnTCJIJIM MaTeMaTHKH, yqalIJHMCJI CTap­

IlllIX KJiaccoB, a6HrypHeHTaM, cry.z:1eHTaM ne.z:1arorHqecKHX BY3oe. 

Hx 11errecoo6pa3HO Hcnorrh30BaTh npH no.z:1roroeKe K Er3 
( oco6eHHO JIITll perneHllll 3a.z:1aq qacn1 C). Y)Ke BhIIIIJIH mm no.z:1roroe­

rreHhI K neqarH CJICJIY!OIIJl!C KHllfll cepHH: 

1 .. MsiK111wee A.r .. Teop111si eeposiTHOCT&M. 
2. Cy6xaHKynoea C.A. 38Aa"l111 c napaMeTpaM111. 
3. nonSIKOBa E.A. YpaBH9HlllSI Ill HepaeeHCTBa c napaMeTpaMlll. 
4. Kanyr111Ha E.E. YpaeHeH111si, c0Aep>1<a1111o1e 3HaK MOAynsi. 
5. r1o1nee B.r. lllccneAOBaHMe paL1MOH8J1bHblX <l>YHKLIMM Ha 
MOHOTOHHOCTb M 3KCTpeMyMbl. 

8.111. rony6eB 
PeweHMe cno>KHblX 111 HecTaHAapTHblX 38Aa"I no MaTeMaTMKe 

IToco6He co.z:1ep)KHT 3a.z:1aqlJ no arrre6pe H HaqarraM aHarrH3a no­

BhIIIICHHOH CJIO)KHOCTll. 0CHOBHbIC BapHaHTbl pemeHl!ll paccMaTpll­

Ba!OTCJI c no.z:1po6Hh!Mll KOMMCHTapl!llMH, a OUhllCHCHllll no.z:1Kpenrre­

Hbl ynpa)KHCHlll!Mll. 0CHOBHOH aKIJCHT CJICJiaH Ha ll3JIO)KCHllll 

MaJIOll3BCCTHbIX 3cPcPCKTlIBHbIX TCXHOJ!Ol'HH pCIIICHllll HCCTaH.z:1ap­

THblX 3a.z:1aq, TaKHX, HanpHMep, KaK MCTOJI Tpex TO'ICK, MCTOJI 3aMCHbl 

MHO)Kl!TerreH: ll llP· ,[\aHbl pa3BepHyThie KOMMCHTaplIH ll YKa3aHl!ll Ha 

B03MO)KHOCTh peIIIeHHll O'ICHh TPYllHhIX 3a.z:1aq npocTbIMH Mero.z:1aMH. 



neet.1T8C r.r. 
MATEMATMKA 

MaTep111anb1 AJlH ypOKOB 
5-6, 7, 8, 9 KJlaCCbl 

KHHrH 3TOH rpynnbI CO):lep)KaT ):IH):laKTH'leCKHe MaTepHa.Tlbl, n03BOJUI!OlllHe 

HHTeHCH<i>HIIHpoBaTb pa6ory Ka)K):IOro yqeHHKa. MaTepHa.Tlbl no):lroTOBJieHbl Ha 

OCHOBe TeXHOJIOrHH yqe6HbIX I(HKJIOB (TYIJ,). 3Ta TCXHOJIOrm1 OTJIHqaeTCll 6oJibIIIOH 

npocToToii H ):locrynHOCTbIO Mll Ka)K):IOro yqHTeJill. B3aMeH TPYJ:IHO ocymecrnnlleMoii 

, J:IH<l><PepeHI(HaI(HH yqaI11HXCll 3):1eCb npHMeHHeTCll JierKO ocymecTBJilleMall «JieceHKa» 

CJIO)KHOCTH H TPYJ:IHOCTH 3a):laHHH. KoMnhIOTep HcnoJib3yeTCll JIHIIIb B Kaqecrne 

noMOIIIHHKa )"IHTeJIH, a He KaK OCHOBHOe cpe):ICTBO o6yqeHHll. ECJIH )KC KOMnbIOTepa 

HeT, TO 3TO COBepIIIeHHO He npenllTCTBYeT HCnOJib30BaHHIO TYIJ,. 

Ilo 3TOH TeXHOJIOrHH npeno):laBaHHe Be):leTCll O):IHOpO):IHblMH yqe6Hb!MH 

I(HKJiaMH. B TOM BapttaHTe TYIJ,, KOTOpb1ii pea.rrH30BaH, HanpHMep, B KHHre Mll 

7 KJiacca, Ka)K):lb!H yqe6Hb!H I(HKJI COCTOHT H3 IIIeCTH ypOKOB. Ha nepBblX ):IByx ypoKax 

BBO):IHTCll HOBbIH MaTepHa.rr H npoBeplleTCll, nOHllT JIH OH yqamHMHCll. Ha CJie):lyIOIIIHX 

qeTb!pex ypoKax 3TOT MaTepHa.rr BKJIJOqaeTCll B o6myIO CHCTeMY 3HaHHH. IlpHMeHeHHe 

TYIJ, K npeno):laBaHHIO MaTeMaTHKH npoxo):IHT oco6eHHO ycneIIIHO, ecnH BH/:IOH3Me­

HHTb nJiaHHposaHHe KypCa. IlpH 3TOM oco6eHHO Ba)KHO pe3KO ysenHqHTh qHCJIO 

3a):laq, peIIIaeMbIX ):ICTbMH B KJiacce. 

,n.rrll pa6oTb1 no TYIJ, npe):IJiaraeTCll Hosoe nnaHHposaHHe yqe6Horo MaTeptta.rra. 

3a OCHOBY B3l1Tbl yqe6HHKH «Anre6pa 7» no):I peJ:I. C.A. TenllKOBCKOro, «feOMCTPHll 

7-9» no):I pe):I. JI.C. ArnHaCl!Ha H «feOMCTPHll 7-9» A.B. IIoropenOBa KaK Hatt6onee 

MaCCOBble. 0):1HaKO KHHrH MO)KHO HCnOJib30BaTb H npH pa6oTe no ):lpyrHM yqe6HHKaM. 

B noco6HH np:ime):leHbI MeTO!J.HqecKHe peKoMeH)J.aI(HH AJill pa6oThI no AaHHOH 

TeXHOJIOrHH. 

B KHHrax ):laHbl TCKCTbl ):IHKTaHTOB ):\Jlll nepBblX ypOKOB I(HKJia (J:IHKTaHTbl no 

MaTeptta.rraM npe):lbl/:IYIIIHX I(HKJIOB) H ):IHKTaHTOB ):IJIH TpeTbHX H qeTBCPTblX ypOKOB 

I(HKJia (J:IHKTaHTbI no BCeMy rrpoii):leHHOMY KypCY MaTeMaTHKH). B Hett co):lep)KaTcll 

KOHcneKTbl K Ka)K):IOMJ I(HKJiy. )].aHbl noJIHbie TeKCTbl TITO. IlpHBOMTCll peKOMCH):la­

I(HH ):IJ!ll rrpoBe):leHHll caMOCTOl!TeJibHbIX H npoBepoqHblX pa6oT, H ):\Jlll KOppeKI(HH 

3HaHHH. 

Iloco6Hll npe):IHa3HaqeHbl ):IJIH yqamHXCll H )"IHTeJieH o6meo6pa30BaTeJibHbIX 

IIIKOJI, CTJ):ICHTOB ne):larOrHqecKHX BY30B, npeno):laBaTeJieH I(CHTPOB nOBbIIIICHHll 

KBaJIH<i>HKaI(HH )"IHTeJieH. 



lt1sawes-MycaTOB O.C. 
Ha"lana aHan1113a AJ1H WKOflbHlllKOB 

B rrocofo.1e BKJI!oqeHbl TeMbl B COOTBeTCTBilll c rrporpaMMOH Kypca MaTeMaTilKl1 

B cpe.11HeH llIKOJie. 3TO HerrpepbIBHOCTh ¢YHKIJ,ttll; IIpOH3B0.!1HaH 4>YHKIJ,IlH; IIOHHT11C 

0 rrpe.11eJie ¢YHKIJ,Illl; rrepBoo6pa3HaH ¢YHKIJ,Illl. Ilo KalK.!IOll TeMe eCTb TeopCT11qeCKl1H 

MaTepnaJI Il yrrpalKHeHilH. HMeeTCH 6JIOK p11cyHKOB. B KOHIJ,e KHilrtt OTBeThl K 3a.11aqaM 

n yKa3aHHH K peilleHmo, a K HeKOTOphIM 3a.11aqaM .11aIOTC» pe11IeHHH. B rrp11JIOJKeH1111 

K OCHOBHOMY MaTepnaJiy co.11eplKaTCH .!10Ka3aTeJibCTBa rrpaBttJI BbJqllcJieHttll rrpo111-

BO.!\Hh!X (B COOTBeTCTBHH c orrpe.11eJieH11eM, .11aHHh!M B 3TOH pa6oTe); o6bl!CHeHO 

B3a.llMOOTHOilleHile orrpe.11eJieHilll rrpeneJia ¢YHKIJ,IIII, naHHOro B '.HOH pa6oTe, 11 Tpa­

.llllllllOHHOro; rrpnBeneHbl MaTepllaJihl, IIOCBHllleHHhle q11cJiy 3i1Jiepa e. 
3TO rroco6ne rronrOTOBJieHO B COOTBeTCTBilll c n11¢¢epeHl1HpoeaHHbIM !10).\XO­

noM K o6yqeHillO MaTeMaTHKe. OHO paccqllTaHO Ha yqa11111xc11, BOCIIp11Hl1Matoll.ll1X 

MaTeMaTHKY TOJihKO KaK rrpenMeT, 6e3 KOTOporo HeJih3ll rronyq11Tb IJJKOJ!bHbIH a-rrecTaT 

Il IIOCTYIIIlTh B By3. 3Tll yqa111necn MaTeMaTilKY rrpOCTO .!IOJllKH bl «TeprreTb». 

Ilo3TOMY B rroco6nn HeT CJIOlKHhIX paccylK.11CHl1H. BH11MaH11c aBTopa cocpCJlOTO­

qeHo Ha ¢opMilpOBaHHil OCHOBHbIX IIOHHT11H; OHl1 o6bl!CHllIOTCll Ha JlOCTYIIHOM 1111.IKC 

c orropoll. Ha rrpoCThie, reoMe'l"pHqecK11e llCHbie 11 Haflll!JlHbie coo6palKeHttll. CJJOlKHbIC 

,llOKa3aTeJ1bCTBaorrycKa10TCH c oroBOpKoli: «B MaTeMa:rnKe ·no ).\OKa1aHO». 

Ha.npnMep, IIOID!Tlle CTerreHl1 q11cna c IJ,eJiblM IIOKa'.laTCJJeM HeCJJOlKHO, 11 npaem1a 

nenCTBilll 1necb JlOKa3hIBaIOTCH rrpOCTO. Bee CJIOlKHOCTl1 Haq11Ha10TCll np11 o6o6iue­

Hllll IIOHHTilH qncJia. YI Torna nocTaTOqHo CKa3aTb: MaTCMaTttKl1 Jl0Ka'laJil1, qTo mo6oe 

IIOJIOlKilTeJihHOe qllCJIO MOlKHO B03BeCTl1 B mo6yIO CTe!JCHb (He TOJlbKO UCJiyIO), 

rrpH 3TOM rroJJyqaeTCH IIOJIOlKHTeJibHOe q11CJJO, KOTOpoc Bbl411CJUICTCH Ha KOMIJbIOTepc, 

a Bee rrpaBHJia Bb1q11cJieHI!ll co CTerreHllMl1 (noKa3aHHbIC ).\Jlll l\CJJblX llOKa'JaTCJleH 

cTerreHH) rroJIHOCThJO coxpaH»JOTCH. OcTaeTcll coo611111Tb, LITo np11 HaTypaJibHOM n > I 
cTerreHb a' 1

" Ha3bIBaJOT KopHeM n-ll. cTerreH11 H3 q11cJia a 11 0601HaLia10T if;. 
Beeb TpanHllHOHHhIH Ha6op yrrpaJKHeH11i1 coxpaH»eTcll, a epeMeH11 11p11 JTOM 

3KOHOMIITCH .!IOCTaToqHO. 

B KHHre naeTCH KpaTKilll 3KCKYPC B 11CTOpHIO rrperronaBaHl1ll MaTeMaTHKl1, qTO 

IIOMOlKeT Jiyq11Ie rrpencTaBilTb COBpeMeHHbie rrpo6JieMhl, B TOM q11cJie CBH3aHHble 

c nn¢¢epeHIJ,HpOBaHHhlM IIOJlXO.!IOM B o6yqeHl111 MaTeMaT111<e. 

Iloco6ne rrpenHa3HaqeHo nJI» yqHTenen MaTeMaTHKH 11 yqa11111xcn o6IIJ,eo6pa3o­

BaTeJihHbIX llIKOJl. Ero MOlKHO IICIIOJlb30BaTh Il B CllCTeMe Jl0BY30BCKOH IIOJlrDTOBKII 

B Tex CJiyqaRX, Korna 3K3aMeH no MaTeMaTIIKe ecTb, II HYlKHO IIO.!\HHTh ypoBeHb 

3HaHIIH, HO MaTeMaTHKa He 6yneT rnaBHOH rrpo¢ecc110HaJibHOH COCTaBJIHIOIIJ,eH. 



llleawee-MycaTOB O.C. 
Ha1.1ana Teop111111 eepoJtTHOCTeilt Allff WKOnbHMKOB 

IlpH 6pocKe MOHeTbl HHqero onpe,!leJieHHOfO HeJib3ll CKa3aTb 0 TOM, qTo Bbl 

YBH,!IHTe, KOf,!la MOHeTa JrnJKeT Ha 3eMJIIO O,!IHOH CTOpOHOH BBepx. 3TO MOJKeT 

OKa3aTbCll umppa, a MOJKeT oKIDaTbCll u rep6. A nocne.r1cTBlll! 6onee cnoJKHbIX 

,!leHCTBllH (,!\Be MOHeTbl, TPH MOHeTbl, 6pOCllJ!ll llrpaJibHYIO KOCTb llJil1 ,!\Be, CTpenb6a 

no 11en11 11 T.n.) 11 6onee MHoroo6pa3HbI 11 ropa3.!IO CJIOJKHee ):IJill nporH03HpOBaH11ll. 

B 3TOM OCHOBHall TPY.!IHOCTb np11 113yqeH1111 Teop1111 Bepol!THOCTeil:: HYJKHa nc11xono­

rnqecKall nepecTpoil:Ka Ha BOCIIp11llTl1e MHOroo6pa311ll B03MOJKHOCTeil:. 

B noco61111 npe,!ICTaBJieH yqe6Hblll MaTep11an, COOTBeTCTBYIOlll.llH TeMaM no 

TeopHH BepOllTHOCTeH B MaTeMaT11qecKOH nporpaMMe 06I11eo6pa3oBaTeJibHOH lllKOJibl. 

IIp11Be.r1eHbI TepM11Hhl, 6a30Bb1e TeopeT11qecK11e MaTep11anb1, rrp»MepbI orrpe.r1eneHlll! 

Bepol!THOCTl1 co6blTl1H, ynpaJKHeHl1ll, a TaKJKe OTBeTbl H yrrpaJKHeHl1ll K pellleHl1lO 

3a.r1aq. 

MaTepHan rroco6lll! OTPaJKaeT MeTO,!IHqecKHe npueMhl rrpeno.r1aBaHHJ1 MaTeMaTR­

KR, rrpaKTRqecKOe npHMeHeHRe TeOpHH BepOllTHOCTeH. 

IIoco6tte rrpe.r1Ha3HaqeHo ,!IJill yqHTeneil: 06I11eo6pa3oBaTeJibHOH lllKOJibI, 

cry.r1eHTOB l}JH3HKo-MaTeMaTnqecKHx l}laKYJihTeTOB rre.r1arorttqecKHx BY30B. Ero MoryT 

HCIIOJib30BaTb H yqeHHKH CTaplllHX KJiaccoB ):IJill CaMOCTOllTeJibHOH pa60Tbl B lllKOJie 

H,!IOMa. 



MnEKCA 

MHblM, Kea,qpant'fHblM, 
a3aTenbHblM 

MK1'M.AM, paCCMOTpeHbl 

n1113a <l>YHK1'MM Ill nocTpoeHM.A 
AWecTeyaoT np111Mepb1 peweHM.A 
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